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We present  a theory of pressure'  e f f e c t s  i n  which the  atomic center  
of mass motion i s  t r ea t ed  quantum mechanically. The quantum mechanical 
ca lcu la t ion  t r e a t s  t h e  per turber  induced energy l e v e l  var ia t ions  and t h e  
ve loc i ty  changes of t h e  emitter  caused by co l l i s ions  on an equal basis .  
Specif ical ly,  we s h a l l  t r e a t  t h e  problem of .a l a s e r  t o  f i r s t  order i n  
t h e  l a s e r  f i e l d  allowing f o r  t he  f a c t  t h a t  t he  l a s e r  atoms a r e  undergoing 
co l l i s ions ,  but our r e s u l t s  w i l l  a l so  be applicable t o  the  cases of 
stimulated emission o r  absorption. It w i l l  be su f f i c i en t  t o  carry  out a 
- perturbation- solution- o f - t h e  problem assuming %hat- t -heelaser  atoms-undergo 
a t  most one c o l l i s i o n  i n  t h e i r  l i f e t i m e  s ince such a' r e s t r i c t e d  ca lcu la t ion  
reveals  t h e  s a l i e n t  fea tures  of t he  theory. We s h a l l  f ind  tha t ,  i n  general, 
t h e r e  i s  no c l a s s i c a l  l i m i t  f o r  our r e su l t s .  Thus, previous treatments 
employing a c l a s s i c a l  Boltzrnann equation approach f o r  t h e  atomic center  of 
mass motion a re  inval id  and a quantum mechanical descr ipt ion i s  necessary 
t o  co r rec t ly  t r e a t  cases vrhere both the  modified Doppler e f f ec t  (modified 
due t o  co l l i s ions )  and perturber induced energy l e v e l  var ia t ions  a re  
present .  A s ide  r e s u l t  of t he  calcula t ion i s  the  conclusion t h a t  a  
d i f ference between stimulated emission and absorption l i n e  p r o f i l e s  w i l l  
e x i s t  when co l l i s ions  a re  present.  
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I INTRODUCTION 
I n  a genera l  s tudy of atomic s p e c t r a l  l i n e  p r o f i l e s ,  one 
must cons ider  t h r e e  f a c t o r s  which a l t e r  t h e  l i n e  shapes from 
those  as soc ia ted  with i s o l a t e d  s t a t i o n a r y  atoms, F i r s t ,  t h e r e  
i s  t h e  normal Doppler e f f e c t  i n  which an  i s o l a t e d  moving atom 
emi ts  o r  absorbs r a d i a t i o n  a t  a frequency s h i f t e d  from i t s  
n a t u r a l  one. Second, t h e r e  a r e  c o l l i s i o n  e f f e c t s  i n  which t h e  
energy l e v e l s  of t h e  e m i t t i n g  o r  absorbing atom a r e  per turbed by 
t h e  presence of  o the r  atoms ( p e r t u r b e r s )  l ead ing  t o  both a s h i f t  
and broadening of t h e  s p e c t r a l  p r o f i l e s .  We s h a l l  adopt t h e  
n o t a t i o n  ELVE f o r  t h e s e  p e r t u r b e r  induced Energy Level Var ia t ion  
E f f e c t s .  The t h i r d  f a c t o r  i s  a combination of t h e  f irst  two. 
That i s ,  c o l ~ l i s i o n s  a l s o  change t h e  atom's  v e l o c i t y ,  thus  modify- 
i n g  t h e  normal Doppler e f f e c t .  We s h a l l  r e f e r  t o  t h i s  process  
a s  t h e  Generalized Doppler E f f e c t  (GDE) wi th  t h e  understanding t h a t  
it reducQs t o  t h e  normal Doppler e f f e c t  f o r  t h e  case of no 
c o l l i s i o n s .  Of course,  a proper t h e o r e t i c a l  threatment  of l i n e  
shapes must incorpora te  a l l  t h e  above f a c t o r s .  However, u n t i l  
A t  moderate o r  "high" pe r tu rbe r  p ressu resL  ( 2  0.5 atm), ELVE 
widths a r e  l a r g e r  than  t h e  Doppler broadening and t o  a good approxi- 
mation t h e  Doppler e f f e c t  (or  GDE) can be neglec ted .  On t h e  o the r  
hand, a t  low pressures ,  ELVE e f f e c t s  have genera1l.y been regarded 
a s  an  independent broadening mechanism t o  be superimposed on t h e  
normal Doppler e f f e c t .  To t h i s  end, t h e  s o l u t i o n  of t h e  ELVE 
problem f o r  s t a t i o n a r y  e m i t t e r s  a s  developed by Lindholm, Foley 
and ~ n d e r s o n ~  has been "folded i n t o "  t h e  normal Doppler p r o f i l e  
of t h e  system under cons ide ra t ion  t o  o b t a i n  t h e  f i n a l  l i n e  shape. 
Thus, any modif ica t ions  of t h e  l i n e  shape due t o  t h e  GDE a r e  l o s t  
by t h i s  method (which has a l s o  been appl ied  i n  t h e  in termedia te  
pressure  range) .  It woul-d c e r t a i n l y  be d e s i r a b l e  t o  have a  con- 
s i s t e n t  t rea tment  f o r  both t h e  GDE and ELVE. Probably one 
reason t h a t  more a t t e n t i o n  has no t  been given t o  t h e  GDE i s  t h a t  
a t  low pressures  t h e  normal Doppler width i s  l a r g e  and tends  t o  . 
mask any s u b t l e  c o l l i s i o n  e f f e c t s .  
The s i t u a t i o n  i n  gas l a s e r s  i s  q u i t e  d i f f e r e n t .  The output 
of a  gas l a s e r  i s  very n e a r l y  monochromatic and has no Doppler 
or  c o l l i s i o n  width. However, both t h e  ga in  and s a t u r a t i o n  
parameters of a l a s e r  a r e  s e n s i t i v e  t o  c o l l i s i o n s  of t h e  l a s e r  
atoms. O f  i n t e r e s t  i n  l a s e r  problems i s  t h e  dependence of 
t h e s e  parameters on c a v i t y  detuning (d i f fe rence  of c a v i t y  and 
l a s e r  t r a n s i t i o n  f requencies) .  I n  t h e  absence of c o l l i s i o n s ,  
t h e  ga in  parameter a e x h i b i t s  t h e  normal Doppler width, but  t h e  
s a t u r a t i o n  parameter 8, a r i s i n g  from non- l inear  terms, has only  a 
t i o n  parameter u l t i m a t e l y  has  l i t t l e  Doppler dependence, i t  i s  
i n d i r e c t l y  s e n s i t i v e  t o  t h e  cen te r  of mass motion of t h e  l a s e r  
atoms. A s  such, i t  should provide t h e  most convenient p lace  t o  
s tudy t h e  GDE, once c o l l i s i o n s  a r e  in t roduced,  Hence, a  s tudy  of 
t h e  s teady s t a t e  l a s e r  i n t e n s i t y  (which i s  p ropor t iona l  t o  t h e  
r a t i o  of ga in  and s a t u r a t i o n  parameters) a s  a  func t ion  of c a v i t y  
detuning w i l l  hopeful1.y provide f u r t h e r  i n s i g h t  i n t o  t h e  GDE. 
It i s  necessary ,  t h e r e f o r e ,  t h a t  a  t h e o r e t i c a l  s tudy of p ressu re  
e f f e c t s  i n  l a s e r s  inc lude  both t h e  ELVE: (pe r tu rbe r  induced energy 
level. v a r i a t i o n  e f f e c t  ) and t h e  GDE (general ized Doppler e f f e c t  ) , 
Some recen t  c a l c u l a t i o n s  have appeared which at tempt  t o  
t r e a t  t h e  problem we have J u s t  ou t l ined .  3'4 The ELVE i s  t r e a t e d  
by s tandard pressure  broadening techniquesfor  s t a t i o n a r y  atoms, 
while  t h e  GDE i s  t r e a t e d  by so lv ing  a  Boltzmann equat ion  f o r  t h e  
atomic c e n t e r  of mass motion. The two r e s u l t s  a r e  then  combined 
i n  e i t h e r  a  s t a t i s t i c a l l y  dependent (ELVE and GDE a r e  assumed t o  
be c o r r e l a t e d )  or  s t a t i s t i c a l l y  independent (ELVE and GDE a r e  
assumed t o  be uncor re la t ed )  manner, O f  course,  t h e  ELVE and GDE 
a r e  c o r r e l a t e d  s i n c e  a  given c o l l i s i o n  simultaneously a f f e c t s  t h e  energy 
l e v e l s  and causes a  change i n  v e l o c i t y  of t h e  atom. The above 
method, which t r e a t s  t h e  atomic c e n t e r  of mass motion c l a s s i c a l l y ,  
seems reasonable,  However, we shall .  now show t h a t ,  i n  a l l  but  a  
l i m i t i n g  case,  a c l a s s i c a l  d e s c r i p t i o n  of t h e  atomic cen te r  of 
mass motion proves t o  be i n v a l i d  f o r  t h e  problem a t  hando 
I n  order  t o  prove t h i s  a s s e r t i o n ,  we must consider  t h e  
r a d i a t i v e  process  i n  some d e t a i l .  For s t a t i o n a r y  atoms, t h e  
e s s e n t i a l  q u a n t i t y  i n  l a s e r s  and s t imula ted  emission o r  absorp t ion  
problems i s  t h e  d ipo le  moment which r e f l e c t s  t h e  i n t e r a c t i o n  
of t h e  r a d i a t i v e  s t a t e s  a  and b  with some e x t e r n a l  f i e l d ,  A knowl- 
edge of t h e  d ipo le  moment a t  a l l  t imes i s  s u f f i c i e n t  t o  s p e c i f y  t h e  
l i n e  shape. The d ipo le  'mom+ent i s  d i r e c t l y  r e l a t e d  t o  t h e  o f f  diagonal 
d e n s i t y  matr ix  element pab( t )  of t h e  atom and, f o r  sake of brevi ty ,  
we s h d l  a l s o  r e f e r  t o  pab( t )  as t h e  d i p o l e  moment of t h e  atom. 
For moving atoms, one would a l s o  want t o  keep t r a c k  of t h e  
c e n t e r  of mass motion, and it i s  most tempting t o  cons ider  
it a s  a c l a s s i c a l  v a r i a b l e  R ( t ) .  I n  t h a t  case, t h e  d i p o l e  
M* 
moment i s  s p e c i f i e d  by pab(R(t), t )  and t h e  problem i s  
P .  
solved f o r  a c l a s s i c a l  c e n t e r  of mass motion. This procedure 
was follovred by ~ a m b ~  f o r  t h e  case  of  no c o l l i s i o n s  and by 
s e v e r a l  au thors  394 f o r  t h e  case  where c o l l i s i o n s  were included, 
corresponding t o  t h e  Boltzmann.equation approach descr ibed above. 
Let  us  now assume t h a t  an atom has acquired a d i p o l e  moment, 
pab(13( t )  , t )  #o, due t o  i n t e r a c t i o n  w i t h  t h e  f i e l d  and then  underL 
goes a c o l l i s i o n .  If t h e  atom had been pure ly  i n  s t a t e  a o r  
pure ly  i n  s t a t e  b, it would have been s c a t t e r e d  i n  t h e  r e s p e c t i v e  
d i r e c t i o n s  shown i n  Fig.  1. However, i f  t h e  atom e n t e r s  t h e  
c o l l i s i o n  i n  a l i n e a r  combination of  s t a t e s  a and b, one can 
no longer  r e t a i n  a c l a s s i c a l  t r a j e c t o r y  f o r  pab(13(t),t) un less  t h e  
a and b t r a j e c t o r i e s  d i f f e r  by a n e g l i g i b l e  amount, To be more 
s p e c i f i c ,  l e t  A z a  and A x b  be t h e  v e l o c i t y  changes undergone by 
t h e  atom f o r  pure  s t a t e  a and pure s t a t e  b  s c a t t e r i n g  respec t ive ly .  
as a l i f e t i m e  z, then  t h e  Do 
modified by t h o s e c o l l i s i o n s  t h a t  produce a d d i t i o n a l  Doppler phase 
s h i f t s  k * A x a ~  o r  k*Avbr which a r e  comparable wi th  u n i t y  ( k _  i s  t h e  
r a d i a t i o n  propagat ion v e c t o r ) .  For a c l a s s i c a l  p i c t u r e  t o  hold, 
t h e  d i f f e r e n c e  i n  a d d i t i o n a l  Doppler phase s h i f t s  f o r  t h e  two p a t h s  
must be n e g l i g i b l e .  That is ,  one must r e q u i r e  
so  t h a t  pa ths  a and b  are ,  i n  e f f e c t ,  equiva lent  f o r  de f in ing  t h e  atomic 
t r a j e c t o r y .  Equation (1) w i l l  be t r u e  onl-y i n  t h e  l i m i t  of n e a r l y  
equal  s c a t t e r i n g  i n t e r a c t i o n  f o r  both  r a d i a t i v e  s t a t e s  (pa ths  a and 
b coinc ide) ,  a h ighly  u n l i k e l y  s i t u a t i o n ,  but  one f o r  which a 
c l a s s - i c a l  p i c t u r e  i s  v a l i d .  I n  genera l ,  however, one s t a t e  
dominates t h e  broadening (ava S avb o r  avb >> nva) SO t h a t  
i n e q u a l i t y  ( 1 )  f a i l s  a s  does t h i s  c l a s s i c a l  p i c t u r e .  An a l t e r n a t e  
l ' c l a s s i ca l "  approach would be t o  t a k e  pab(R(t) , t )  @ = 0 a f t e r  any 
c o l l i s i o n  s i n c e  t h e r e  i s  no over lap  of t h e  a  and b  t r a j e c t o r i e s .  
However, t h i s  model i s  not  s a t i s f a c t o r y  s i n c e  it f a i l s  t o  p r e d i c t  
t h e  observed p ressu re  s h i f t s  i n  s p e c t r a l  p r o f i l e s .  
For t h e  p resen t ,  we conclude t h a t  a  theory  i s  needed which 
t r e a t s  t h e  atomic cen te r  of mass motion quantum mechanically' 
and consequently considers  both  t h e  ELVE and GDE on an equal. 
foot ing .  I n  order  t o  r e v e a l  some genera l  p r o p e r t i e s  of t h e  
quantum mechanical s o l u t i o n ,  it w i l l  s u f f i c e  t o  consider  t h e  
problem of a  l a s e r  t o  f irst  order  i n  t h e  l a s e r  f i e l d  and i n  t h e  
l i m i t  t h a t  t h e  l a s e r  atoms undergo a t  most one c o l l i s i o n  i n  t h e i r  
l i f e t i m e s .  Although t h e  l a t t e r  assumption i s  not  v a l i d  a t  normal 
opera t ing  l a s e r  p ressu res  ( t y p i c a l  l a s e r  atoms average about t e n  
be e a s i l y  genera l ized  t o  higher  pressures .  The s a t u r a t i o n  e f f e c t s  
. - 
of t h i r d  order  l a s e r  theory  w i l l  be given i n  a  f u t u r e  paper. We 
s h a l l  f i n d  t h a t ,  i n  our quantum mechanical s o l u t i o n ,  t h e  d ipo le  
moment p a b ( ~ ( t ) ,  t )  i s  replaced by t h e  d ipo le  moment d e n s i t y  
(R, t )  ( t o  be discussed i n  Sec. 111), i n  which R i s  now a  Pab - .Iy 
quantum mechanical v a r i a b l e .  We should note  t h a t  t h e  
r e s u l t s  of t h i s  paper a r e  a l s o  app1.icable t o  t h e  cases  of s t imula ted  
emission o r  absorpt ion .  
Although t h e  major purpose of t h i s  work i s  t o  provide a 
quantum mechanical d e s c r i p t i o n  of t h e  c o l l i s i o n  process,  we s h a l l  
f i n d  t h a t  our  r e s u l t s  a l low an i n t e r p r e t a t i o n  i n  terms of a 
pseudoclass ica l  model. This model i s  f i r s t  mentioned i n  Sec. V 
and descr ibed b r i e f l y  t h e r e a f t e r .  The term "pseudoc1assica1" i s  
used s i n c e  t h e  model i s  i n t i m a t e l y  connected wi th  t h e  quantum 
mechanical c a l c u l a t i o n  y e t  permi ts  t h e  u s e  of  c l a s s i c a l  techniques 
i n  t h e  a c t u a l  eva lua t ion  of t h e  l i n e  shapes.  I n  t h e  p resen t  paper 
we r e s t r i c t  our  d i scuss ion  t o  t h e  b a s i s  f o r  t h e  model and do not  
p resen t  t h e  c a l c u l a t i o n a l  r u l e s  needed f o r  applying it t o  t h e  
problem at hand. A more d e t a i l e d  d e s c r i p t i o n  of t h e  pseudoc lass l ca l  
model w i l l  be given i n  a subsequent paper  where it w i l l  be used both  
i n  t h e  c a l c u l a t i o n  of t h i r d  o rde r  l a s e r  f i e l d  e f f e c t s  and i n  t h e  
extension of our  one c o l l i s i o n  r e s u l t  t o  t h e  many c o l l i s i o n  region.  
The content  of t h e  paper i s  as fol lows.  The genera l  method 
of  approach and f u r t h e r  approximations w i l l  be given i n  Sec. 11. 
I n  Sec. 111, a s l i g h t l y  d i f f e r e n t  form of t h e  Lamb l a s e r  theory  5 
c a l c u l a t i o n s .  The b a s i c  working equat ions of t h e  model a r e  
der ived  i n  Sec. IV,  and t h e  f i r s t  o r d e r  l a s e r  theory  f o r  c o l -  
l i s i o n  i n t e r a c t i o n  i n  t h e  upper l a s e r  s t a t e  only and t h e  lower 
l a s e r  s t a t e  only a r e  given i n  Secs. V and V I ,  r e spec t ive ly .  
I n  Sec. V I I  we p r e s e n t  a t reatment  of  f i r s t  o r d e r  l a s e r  theory  
when both  r a d i a t i n g  s t a t e s  a r e  sub jec t  t o  t h e  c o l l i s i o n  i n t e r -  
ac t ion .  I n  t h e  extreme l i m i t  of equal  c o l l i s i o n  i n t e r a c t i o n s  f o r  
both  l a s e r  s t a t e s ,  we s h a l l  be a b l e  t o  achieve a correspondence 
wi th  a  c l a s s i e a l  model s ince ,  f o r  t h i s  ease,  t h e  s t a t e  a and b 
t r a j e c t o r i e s  of  Fig.  1 coincide.  The f i n a l  r e s u l t s f o r  t h e  ga in  
and frequency p u l l i n g  parameters of t h e  l a s e r  a r e  der ived  i n  
Sec, V I I I .  The arguments which l e a d  one t o  expect d i f f e r e n t  
l i n e  p r o f i l e s  f o r  's t imulated emission and absorpt ion  processes  
a r e  a l s o  given i n  Sec. VIII, I n  Sec. I X ,  we p r e s e n t  a summary 
and d i scuss ion  of our  r e s u l t s  wi th  suggest ions f o r  genera l i z ing  
t h e  theory.  
I1 METHOD OF APPROACH AND APPROXIMATIONS 
Our l a s e r  ca lcu la t ion  w i l l  foll-ow t h e  general  approach given 
by ~ i m b , ~  modified t o  t r e a t  the  motion of t he  atoms from a  quantum 
mechanical viewpoint. The l a s e r  t r a n s i t i o n  l e v e l s  of the  emi t te r  
atom a r e  shown i n  Fig. 2, where the  decay parameters y and yb a 
give t he  r ad i a t i ve  decay r a t e s  of the  s t a t e s  a  and b, respect ively ,  
t o  some Power s t a t e s  not shown i n  t he  f igure .  The emit ter  atoms 
w i l l  undergo co l l i s i ons  with ground s t a t e  per turber  atoms which 
w e  s h a l l  take a s  r i g i d l y  fixed i n  t he  l a s e r  medium. O f  course, 
r e a l  per turber  atoms do move, and the  assumptl.on of f ixed per turbers  
is made so l e ly  f o r  mathematical convenience; a method f o r  general iz ing 
t h e  r e s u l t s  t o  t h e  case of moving per turbers  i s  given i n  
See. I X .  
We s h a l l  assume t h a t  a t  t = 0 a  given emi t te r  atom i s  excited 
6 i n  a  plane wave s t a t e  and begins t o  i n t e r a c t  with both t he  l a s e r  
f i e l d  and the  s c a t t e r i n g  centers  (per tu rbers ) .  The problem w i l l  
be solved by time dependent per turbat ion theory t o  f i rs t  order  i n  
t he  l a s e r  f i e l d .  This i s  a  general iza t ion of t he  treatment of a 
s c a t t e r i n g  problem given by Bethe. 7 
We s h a l l  c a l cu l a t e  only the  lowest order  contr ibut ions  of 
t h e  s c a t t e r i n g  i n t e r a c t i o n  a t  each per turber  s i t e  and then 
general ize  the  r e s u l t s  t o  a l l  orders i n  t he  s c a t t e r i n g  in t e r ac t ion  
by a  method t o  be described i n  Sec. V. The f i n a l  r e s u l t s  w i l l  
give a  complete descr ip t ion  of the  one c o l l i s i o n  process. The 
one c o l l i s i o n  approximation w i l l  be va l id  i f  t he  average t i m e  
-1 -1 between co l l i s i ons  i s  l a rge r  than the  l i f e t imes  ya o r  yb . 
- - -  
. . 
I n  o the r  words, a  wave s c a t t e r e d  from one pe r tu rbe r  w i l l  not  have 
time t o  i n t e r a c t  wi th  another  p e r t u r b e r .  
The foll.owing a d d i t i o n a l  approximations w i l l  be made. 1 )  Exci ta-  
t i o n  of l a s e r  atoms t o  s t a t e  a only i s  t o  be discussed.  Generaliza- 
t i o n  t o  al low f o r  e x c i t a t i o n  t o  s t a t e  b  i s  not  p a r t i c u l a r l y  d i f -  
f i c u l - t ,  but does not a f f o r d  any new physical. i n s i g h t .  2 )  The l a s e r  
fie1.d w i l l  be t r e a t e d  c l a s s i c a l l y .  3) The l a s e r  c a l c u l a t i o n  i s  t o  
be done f o r  s i n g l e  mode opera t ion .  4 )  The pe r tu rb ing  atoms a r e  
assumed t o  a c t  a s  f o r e i g n  gas p e r t u r b e r s  ( i .  e .  resonant  broadening 
e f f e c t s  a r e  ignored) ,  which i s  a  good approximation. 5)  Any 
degeneracy i n  s t a t e s  a  o r  b  i s  ignored. 
One should f u r t h e r  note  t h a t  photon recoi l .  e f f e c t s  (although 
negl.igib1.e) a r e  au tomat ica l ly  included i n  t h i s  c a l c u l a t i o n  even 
though t h e  l a s e r  f i e l d  i s  taken a s  a  c l a s s i c a l  quant i ty .8  Such 
e f f e c t s  fol low from a  quantum mechanical d e s c r i p t i o n  of t h e  atomic 
cen te r  of mass motion. 
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I11 LASER FORMALISM 
The approach b a s i c a l l y  fo l lows t h a t  of We consider  
a  l a s e r  c a v i t y  of t h e  Fabry-Perot type opera t ing  i n  a  s i n g l e  
c a v i t y  mode with e igenfunct ion  s i n ( k 8 R ) .  .w .- The l a s e r  c a v i t y  a x i s  
i s  i n  t h e  k  - d i r e c t i o n ,  and we s h a l l  assume t h e  l a s e r  f i e l d  t o  be 
polar ized  i n  a  d i r e c t i o n  2 which i s  perpendicular  t o  Y* k. Writ ing 
t h e  l a s e r  e l e c t r i c  f i e l d  magnitude a s  
E(R, t )  = e ( t )  s i n  ( k * ~ )  ..+ - 
one obta ins5  t h e  d i f f e r e n t i a l  equat ion  f o r  e ( t )  i n  mks u n i t s  
a2e/at2 + ( ~ / ~ ) d e / d t  + n2e = (n2/eO) ~ ( t )  (3) 
2 
where n = k2c2 , Q i s  t h e  q u a l i t y  f a c t o r  of t h e  c a v i t y  and 
~ ( t )  i s  t h e  p r o j e c t i o n  of t h e  macroscopic p o l a r i z a t i o n  P(R, t) 
on t h e  c a v i t y  mode, i. e., 
where V i s  t h e  l a s e r  volume. I n  de r iv ing  Eq. (3) i t  i s  assumed 
t h a t  t h e  v a r i a t i o n  of E(R, t )  a c r o s s  t h e  c a v i t y  diameter may be 
neglected,  and t h a t  ~ ( t )  i s  n e a r l y  mon~chromatic  a t  frequency n. 
We t r y  s o l u t i o n s  of t h e  form 
e ( t )  = ~ ( t )  cos [n t  + ~ p ( t ) ]  
and 
~ ( t )  = ~ ( t )  cos [at + cp(t)] + ~ ( t )  s i n  [nt + ~ p ( t ) ]  (5b)  
S u b s t i t u t i n g  Eqs . (5a) and (5b) i n t o  Eq. (3) and assuming t h a t  
E, S, C and CQ a r e  slowly varying i n  t ime with r e spec t  t o  
e x p ( i n t ) ,  we a r r i v e  a t  t h e  amplitude and phase equat ions  f o r  
s e l f  cons is tency 
It remains t o  c a l c u l a t e  t h e  p o l a r i z a t i o n  P(5, t )  i n  o r d e r  
t o  o b t a i n  C and S which w i l l  be func t ions  of t h e  f i e l d  ~ ( t ) .  
The microscopic p o l a r i z a t i o n  i s  determined from t h e  quantum 
mechanical g e n e r a l i z a t i o n  of i t s  c l a s s i c a l  d e f i n i t i o n ,  namely t h e  
average o r  e  
atom. For our  two s t a t e  system, t h e  wave funct ion  w i l l  be of 
t h e  form 
where t h e  $,(r) C (a = a ,  b )  a r e  atomic s t a t e  e igenfunct ions  and 
t h e  B,(R, - t )  a r e  p r o b a b i l i t y  amplitudes i n  t h e  sense t h a t  
I B ~ ( _ R , ~ )  12d3R i s  t h e  p r o b a b i l i t y  t h a t  an atom i s  i n  s t a t e  a a t  
3 t ime t and i n  a volume d  R about R. ++A The macroscopic p o l a r i z a t i o n  
i s  obtained by summing t h e  con t r ibu t ions  from a l l  t h e  a c t i v e  atoms. 
Thus, us ing  t h e  s e l e c t i o n  r u l e s  f o r  t h e  d i p o l e  moment opera tor ,  
t h e  p o l a r i z a t i o n  i n  t h e  $ d i r e c t i o n  i s  given by 
where P(assurned r e a l )  i s  t h e  ma t r ix  element f o r  t h e  component 
of  t h e  e l e c t r i c  d i p o l e  moment of t h e  atom between s t a t e s  a and b, 
)t 
pab(RY t, xi' ti) = Ba(_R, 3 ,  _vi, ti)[Bb(R_, t, xi, t i ) ]  i s  t h e  
o f f  diagonal  d e n s i t y  ma t r ix  element of t h e  ith atom which was 
i n i t i a l l y  exc i t ed  t o  s t a t e  a a t  t ime ti wi th  v e l o c i t y  xi, and 
t h e  sum i s  over  a l l  l a s e r  atoms. (The dependence of t h e  p o l a r i z a -  
t i o n  on a l l  t h e  vi and ti has not  been e x p l i c i t l y  ind ica ted . )  
We s h a l l  r e f e r  t o  pab(R,, t, yi, ti) as t h e  d i p o l e  moment d e n s i t y  
s i n c e  i t s  i n t e g r a l  over R_ g ives  p a b ( t ,  yi, ti), t h e  "dipole  
moment" of atom ie9 One can -proceed- t o  c a l c u l a t e  t h e  p o l a r i z a t i o n  
EQS (5b) and (6)  t o  determine t h e  s e l f  c o n s i s t e n t  amplitude and 
phase of t h e  e l e c t r i c  f i e l d .  This method has been descr ibed by 
Lamb . 
However, when one i s  dea l ing  wi th  c o l l i s i o n  phenomena, it 
i s  e a s i e r  t o  regard t h e  e l e c t r i c  f i e l d  as being formed from t h e  
I 
i n d i v i d u a l  , con t r ibu t ions  of each l a s e r  atom. The mathematical 
d e s c r i p t i o n  of t h i s  viewpoint w i l l  become c l e a r e r  i f  we i n t e g r a t e  
Eq. (6a)  f o r  an i n t e r v a l  of time 6 t  t h a t  i s  long compared wi th  
t h e  inver se  l i f e t i m e s  y and yb but s h o r t  compared with t h e  
a 
c h a r a c t e r i s t i c  time v a r i a t i o n  of ~ ( t )  and v ( t ) .  That i s ,  we 
may consider  ~ ( t )  and v ( t )  e s s e n t i a l l y  constant  i n  t h e  i n t e r v a l  b t ,  
but any atom t h a t  i s  exci ted  a t  some time i n  t h e  i n t e r v a l  w i l l -  
10 
c e r t a i n l y  have decayed by t h e  end of t h e  interval. .  Equation (6a)  
so  i n t e g r a t e d  i s  
To o b t a i n  a  more meaningful express ion  f o r  S ( t t )  f o r  use  i n  
Eq. ( g ) ,  we w r i t e  t h e  dipole moment d e n s i t y  i n  t h e  form 
. - 
where t h e  c o e f f i c i e n t  A(R, +. t,xi, t i )  con ta ins  p e r t i n e n t  information on t h e  
d ipo le  moment d e n s i t y  of atom i and w i l l  be ca l l ed  t h e  p o l a r i z a -  
t i o n  func t ion  dens i ty .  Combining t h i s  with Eqs. (8), (4) ,  and 
(5b) g ives  
where 
Note t h a t  f o r  cons is tency of Eqs. (5b) and ( 1 - ) ,  t h e  p o l a r i z a t i o n  
func t ion  d e n s i t y  must be a slowly varying f u n c t i o n  of t ime compared 
wi th  exp( iRt)  . 
S u b s t i t u t i n g  Eq. (11) i n t o  Eq. (9)  and us ing  Eq. (12),  one 
f i n d s  t h a t  i n  a  t ime i n t e r v a l  6 t  
We now wish t o  average t h i s  equat ion over a l l  i n i t i a l  v and t imes ti 
-i 
of e x c i t a t i o n  i n  t h e  i n t e r v a l  b t .  By our previous assumption on 6 t  
we g e t  a c o n t r i b u t i o n  t o  bE(t)  from a l l  atoms exc i t ed  i n  t h e  i n t e r v a l  
b t .  The t ime of e x c i t a t i o n  wi th in  t h e  i n t e r v a l  i s  unimportant s i n c e  
any t ime i s  as good a s  another  ( r e c a l l  we assume t h a t  ~ ( t )  and q ( t )  
a r e  e s s e n t i a l l y  cons tant  i n  6 t )  s o  t h a t  we  may drop t h e  ti l a b e l .  
Also, on t h e  average, each atom exc i t ed  i n  S t  w i l l  c o n t r i b u t e  
equal ly  t o  t h e  f i e l d ,  Thus, averaging Eq. (lb), y i e l d s  
where ~ ( 6 t )  i s  t h e  p r o b a b i l i t y  t h a t  m atoms a r e  exc i t ed  i n  a  
time and v ) )  r e p r e s e n t s  t h e  
-0 Yo 
c o n t r i b u t i o n  t o  t h e  
p o l a r i z a t i o n  f u n c t i o n  of a  s i n g l e  atom averaged over i t s  i n i t i a l  
v e l o c i t y  d i s t r i b u t i o n  xo ( f o r  s i m p l i c i t y  we assume t h e  e x c i t a t i o n  
r a t e  t o  be independent of  p o s i t i o n  and t ime) ,  
Equation (15) may be f u r t h e r  reduced if one notes  t h a t  
t h e  average number of atoms exci ted  i n  t ime 6 t  i s  given by 
and if t h e  average e x c i t a t i o n  r a t e  i s  s p e c i f i e d  by X, t hen  
Combining Eqs . (15)- (17) g ives  
If ~ b t  c< E a s  i s  assumed, Eq. (18) may be transformed i n t o  t h e  
corresponding d i f f e r e n t i a 1  equat ion 
where t h e  average s i g n s  have been dropped on t h e  E t s  and 
I 
A s i m i l a r  t reatment  f o r  t h e  phase equat ion  y i e l d s  
The problem i s  reduced t o  a determinat ion of t h e  p o l a r i z a t i o n  
f u n c t i o n  A ( t  ) which, a s  defined by Eqs. ( 2 0 ) ,  ( B ) ,  and 
(lo), r e p r e s e n t s  t h e  average slowly varying amplitude of t h e  
dipo1.e moment of a s i n g l e  atom exc i t ed  i n  t h e  t ime i n t e r v a l  
between t and t + 6 t .  
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I V  BASIC WORKING EQUATIONS 
I n  o rde r  t o  determine t h e  p o l a r i z a t i o n  func t ion  we must 
so lve  t h e  t ime dependent Schrzdinger equat ion f o r  t h e  problem. 
The Hamiltonian f o r  a  s i n g l e  l a s e r  atom i n  a  medium of f ixed  
p e r t u r b e r s  i s  of t h e  form 
where r s tands  f o r  a l l  t h e  r e l a t i v e  e l e c t r o n i c  coordina tes  of 
...- 
t h e  atom, 3 i s  t h e  c e n t e r  of  mass coordina te  and R i s  t h e  p o s i t i o n  
-5 
of t h e  jth pe r tu rbe r .  The terms i n  H ( R , z , ~ )  . have t h e  fol lowing 
CM 
meaning, - (1) H (5) i s  t h e  f r e e  l a s e r  atom c e n t e r  of mass 
Hamiltonian f o r  which we choose t h e  e igenfunct ions  
qp (R) = (2r) -3'2 exp ( i p - R )  
w. ** 
(we have s e t  h = 1, i. e. energy and frequency w i l l  have t h e  same 
u n i t s  as  w i l l  momentum and wave number), ( 2 )  Ho(R) .,.. i s  t h e  f r e e  l a s e r  
atom e l e c t r o n i c  Hamiltonian which we assume possesses  e igenfunct ions  
( )  (3) V(R_,r,t) .. i s  t h e  l a s e r  a tom-laser  f i e l d  i n t e r a c t i o n  
given by 
where _ri i s  t h e  r e l a t i v e  coordina te  of t h e  ith l a s e r  atom e l e c t r o n  
and hn i s  a  u n i t  vec to r  i n  t h e  d i r e c t i o n  of  E(R, t ) , (4)  -. uJ(R ., -R -j9- r )  i s  
t h e  p o t e n t i a l  of t h e  jth perturber ,  (5)  I? i s  a diagonal  mat r ix  
which desc r ibes  t h e  spontaneous decay of t h e  atomic s t a t e s .  
Since t h e  s e t  of products  $ ( $ ) q a ( ~ )  forms a complete b a s i s ,  P 
we can expand an a r b i t r a r y  wave func t ion  a s  
r , t )  = ( 2 7 ~ - ) - ~ ' ~ ~ d ~ p  I: b ( p , t )  exp( i2 .R)  -*  (:ye a a -  
where Ea i s  t h e  energy o f  s t a t e  a ,  
and w e  have used Eq. ( 2 2 ) .  S u b s t i t u t i n g  Eq. (24)  i n t o  t h e  t ime 
dependent Schrodinger  equa t ion  
and t a k i n g  t h e  a p p r o p r i a t e  s c a l a r  p roduc ts  y i e l d s  t h e  d i f f e r e n t i a l  
equa t ions  f o r  t h e  p r o b a b i l i t y  ampli tudes  ba(p, t )  
*." 
where 
and ya i s  t h e  spontaneous decay r a t e  f o r  s t a t e  a popula t ion .  , 
We s h a l l  r e s t r i c t  t h i s  c a l c u l a t i o n  t o  t h e  two s t a t e  sub- 
space shown i n  Fig .  2, i. e. ,  a and @ may t a k e  on t h e  values 
a o r  b  only. I f  t h e  c o l l i s i o n  i s  a d i a b a t i c  ( d u r a t i o n  of a  
c o l l i s i o n  >> ( E  - E~)- ' ) ,  t h e  nonvanishing mat r ix  elements 
S of t h e  e f f e c t i v e  c o l l i s i o n  p o t e n t i a l  U ( R - R _ ~ , ~ )  +-- w i l l  be U' a a ; ~ , ~ '  
C 
and US ,.ll Using Eqs. (23) and ( 2 7 ) ,  we f i n d  t h e  non- bb;p,p 
.-. "-' 
vanishing matr ix  elements of V(R,;, w t )  t o  be 
where P, a s  def ined i n  Sec. 111, i s  given by 
S u b s t i t u t i n g  t h e s e  r e s u l t s  i n  Eq. ( 2 6 ) ,  def in ing  p r o b a b i l i t y  
amplitudes a ( p , t )  b a ( p , t )  and b ( p , t )  - b b ( p , t ) ,  and doing some 
"A Za\ ".-+ w+ 
of t h e  i n t e g r a l s  l e a d s  t o  t h e  two coupled d i f f e r e n t i a l  equat ions 
( i n  t h e  r o t a t i n g  wave approximation) 
where 
and it should be remembered t h a t  k i s  t h e  propagat ion vec to r  given 
*I* 
i n  Eq. ( 2 )  f o r  t h e  l a s e r  f i e l d .  Equations (30) a r e  t h e  bas ic  
working equat ions of t h e  theory .  
We choose t h e  i n i t i a l  condi t ions  f o r  t h e  l a s e r  atom as  
II e x c i t a t i o n  t o  s t a t e  a  i n  a p lane  wave" s t a t e  wi th  a d e f i n i t e  
momentum po. The term "plane wave" i s  i n  quota t ions  s i n c e  we 
C 
a l s o  r e q u i r e  t h a t  t h e  atom be confined t o  t h e  l a s e r  volume V, 
making a pure p lane  wave s t a t e  impossible.  However, f o r  l a r g e  
l a s e r  volumes (compared wi th  t h e  DeBroglie wavelength) and 
p lane  wave s t a t e  i s  a  good approximation. " E x p l i c i t l y ,  
and confinement t o  t h e  l a s e r  volume i s  t o  be understood. Eventually,  
a weighted average over a l l  p o s s i b l e  p w i l l  be made. The 
-0 
i n i t i a l  condi t ion  (32) corresponds t o  
The c a l c u l a t i o n  may be ou t l ined  as fol lows:  ( a )  solve,  t o  
va r ious  o rde r s  i n  p e r t u r b a t i o n  theory,  Qs.  (30) s u b j e c t  t o  t h e  
i n i t i a l  condi t ions  (33) ,  (b)  combine Eqs. (7) and (24) t o  f i n d  t h e  
12 d i p o l e  moment d e n s i t y  
(c ) ' ob ta in  t h e  p o l a r i z a t i o n  func t ion  d e n s i t y  A (R, X )  t ,xo) 
from pab(R, )m t )  by t h e  p r e s c r i p t i o n  ( l o ) ,  (d )  by use of Eqs. (13) and 
(20) ,  c a l c u l a t e  A ( t t  ) from A(R,t,vo) *r f o r  use i n  t h e  s e l f  cons is tency 
equat ions (19) and (21) .  
Notation - Before proceeding, we should l i k e  t o  e s t a b l i s h  
a n o t a t i o n  which should be kept i n  mind when reading t h e  next 
from an nth o rde r  s c a t t e r i n g  i n t e r a c t i o n  and an mth o rde r  l a s e r  
f i e l d  i n t e r a c t i o n  w i l l  be w r i t t e n  anm(p, t ) .  1n addi t ion ,  a  term 
v.- 
mn; rs l i k e  A impl ies  a  c o n t r i b u t i o n  t o  t h e  p o l a r i z a t i o n  f u n c t i o n  
rs * from t h e  product of amplitudes am" and (b ) . We s h a l l  a l s o  
f i n d  i t  convenient t o  denote t h e  range of t h e  p e r t u r b e r  p o t e n t i a l  
by 63 and t o  in t roduce  a vec to r  X r-+ which t r i l l  be a p o s i t i o n  coord ina te  
of t h e  a c t i v e  atom r e l a t i v e  t o  a  p e r t u r b e r  s i t e .  F ina l ly ,  ure no te  t h e  
A A 
e q u a l i t y  of u n i t  vec to r s  i n  t h e  vo and p d i r e c t i o n s  (,vo = po/m 
0 
i s  t h e  i n i t i a l  l a s e r  atom v e l o c i t y ) .  We s h a l l  sometimes i n t e r -  
change t h e s e  q u a n t i t i e s  t o  b r ing  added c l a r i t y  t o  our  equat ions.  
V FIRST ORDER LASER THEORY - COLLISION INTERACTION 
I I N  UPPER LASm STATE ONLY 
I n  t h i s  s e c t i o n  we so lve  Eqs. (30) t o  f i r s t  order  i n  t h e  
l a s e r  f i e l d  and u l t i m a t e l y  t o  a l l  o rde r s  i n  t h e  s c a t t e r i n g  
i n t e r a c t i o n  f o r  t h e  one c o l l i s i o n  process .  The c o l l i s i o n  
i n t e r a c t i o n  w i l l  be assumed t o  a c t  only on t h e  upper l a s e r  
s t a t e  a, i.e. 
A s  a l ready mentioned, t h e  case  where one s t a t e  experiences a much 
s t ronger  c o l l i s i o n  i n t e r a c t i o n  than  t h e  o t h e r  probably corresponds 
c l o s e l y  t o  t h e  a c t u a l  phys ica l  s i t u a t i o n .  Equations (30) should 
be s impl i f i ed  by use of Eqs. (35). We s h a l l  use diagrams t o  
help v i s u a l i z e  each c o n t r i b u t i o n  t o  t h e  p o l a r i z a t i o n  f u n c t i o n  
d e n s i t y  a r i s i n g  from t h e  p e r t u r b a t i o n  s o l u t i o n  of Eqs. (30) .  
The heading of each subsect ion w i l l  i n d i c a t e  t h e  p o l a r i z a t i o n  
func t ion  being c a l c u l a t e d ,  i n  t h a t  s e c t  ion.  (Reca l l  t h a t  t h e  
p o l a r i z a t i o n  func t ion  i s  t h e  pro  Sect ion  of t h e  p o l a r i z a t i o n  f u n c t i o n  
y onto t h e  l a s e r  c a v i t y  made 
OO;O1(E,tl,vo) i s  t h e  no The p o l a r i z a t i o n  funct ion  d e n s i t y  A 
c o l l i s i o n  term and a r i s e s  from t h e  product of  t h e  amplitudes 
00 0 1  * 
a ( b  ) . We can p i c t u r e  t h i s  process  a s  shown i n  Fig.  3. The 
upper hor i zon ta l  l i n e  corresponds t o  t h e  a s t a t e  amplitude and 
t h e  lower one t o  what f i n a l l y  y i e l d s  t h e  b  s t a t e  amplitude. We 
observe t h e  system a t  t = t t  a f t e r  it has s t a r t e d  a t  t = 0, whi le  
t h e  i n t e r a c t i o n  wi th  t h e  l a s e r  f i e l d  occurs  a t  t = tn  i n  a 
Feynman sense.  The f i g u r e  t o  t h e  r i g h t  of t h e s e  amplitude l i n e s  
i s  a diagram f o r  t h e  s p a t i a x  e x t e n t  of t h e  amplitudes. Since 
t h e r e  i s  no c o l l i s i o n ,  both a r e  p lane  wave s t a t e s ,  The v e r t i c a l  
s o l i d  l i n e  corresponds t o  t h e  p lane  wave wi th  momentum - po assoc ia ted  
wi th  s t a t e  a whi le  t h e  dashed l i n e  corresponds t o  t h e  p lane  wave w i t h  
momentum p  + k assoc ia ted  wi th  s t a t e  b. The p o l a r i z a t i o n  f u n c t i o n  
r< 0 -" 
d e n s i t y  i s  t h e  product of  t h e s e  tvro waves which a r e  i n  phase (except  
f o r  t h e  normal Doppler i n t e r f e r e n c e  f a c t o r  e x p [ t i k _ * y o ( t f - t " ) ] ) .  
Thug i n  p r o j e c t i n g  t h e  p o l a r i z a t i o n  func t ion  d e n s i t y  onto t h e  
c a v i t y  mode t o  obtarin t h e  p o l a r i z a t i o n  funct ion,  t h e r e  w i l l  be 
cons iderable  c o n t r i b u t i o n s  from a l l  p o i n t s  i n  t h e  l a s e r  volume, 
a r e s u l t  t h a t  i s  unique t o  t h e  no c o l l i s i o n  term. 
The p e r t u r b a t i o n  c a l c u l a t i o n s  f o r  Eqs. (30) s u b j e c t  t o  t h e  
i n i t i a l  condi t ions  (33) can be c a r r i e d  ou t  i n  a s t ra ight forward  
, 
x 4 ~ i 1 d t "  exp[(-gyb + i ~ m )  ( t l - t f f )  - i(k2/2m)t"] 
00 
x [ e x p [ i ( p l * k / m ) t f f ) a  - - ( p l - k , t t ' )  - term k - -. -51 (37) 
w - 
where 
e 
no = o - $2 - c p ( t ' )  
and E and 9 a r e  evaluated a t  t ime t f  . (Reca l l  t h a t  E and 
a r e  regarded a s  cons tan t  i n  t h e  i n t e r v a l  between t and t + 6 t  
so  t h a t  they  may be evaluated a t  any t 1  i n  t h a t  i n t e r v a l . )  
Using Eqs. (361, ( 3 7 ) >  (34) and (10) we f i n d  t h e  p o l a r i z a t i o n  
func t ion  d e n s i t y  
x exp[ ik*v  ( t t - t " ) ]  - term k - -k (39) 
-0 ... "-. 
where 
2 and Ek = k /2m i s  t h e  photon r e c o i l  energy. 
* 
Using Eq. (13) t o  p r o j e c t  Eq. (39) on t h e  c a v i t y  mode and 
g terms involv ing  exp(t2iS.R) -A g ives  
t h e  "no c o l l i s i o n "  c o n t r i b u t i o n  t o  t h e  p o l a r i z a t i o n  func t ion  
1 AOO;O1(t t ,v  -0 )= -rriPE(tf)v-l~:'dt" ~ ( t 1 , t " )  e x p [ i k * x o ( t l - t " ) ]  - 
+ term k - -k 
-n Ir\ (42) 
The p o l a r i z a t i o n  func t ion  d e n s i t y  A 1 0 ; O l  (l?,tf ,yo) a r i s e s  
from t h e  amplitude product alO(bol)* and i s  t h e  f i r s t  term t h a t  
involves  t h e  c o l l i s i o n  i n t e r a c t i o n .  The diagrams f o r  t h i s  
term a r e  shown i n  Fig.  4 where t h e  c r o s s  r ep resen t s  t h e  c o l l i s i o n  
i n t e r a c t i o n .  The s c a t t e r i n g  begins a t  t = 0 and cont inues u n t i l  
t h e  t ime of observat ion  t = t t  so t h a t  t h e  s p a t i a l  p a r t  f o r  t h e  
s t a t e  a amplitude i s  a s p h e r i c a l  s c a t t e r e d  wave of r ad ius  votI 
represented  by a  s o l i d  c i r c l e  i n  t h e  f i g u r e .  Mathematically, t h i s  
s p h e r i c a l  wave w i l l  l e a d  t o  a f a c t o r  x- 'exp(ipo~) fa (Q)  where - X 
. i s  a coordina te  r e l a t i v e  t o  t h e  p e r t u r b e r  s i t e  and fa (n )  i s  t h e  
s c a t t e r i n g  amplitude f o r  s t a t e  a. The b  s t a t e  amplitude i s  s t i l l  
s p a t i a l l y  a plane wave exp[i(_po+k) *R] . Hence, we should expect t h a t  t h e  
p o l a r i z a t i o n  func t ion  d e n s i t y  w i l l  possess  a r a p i d l y  varying phase 
i n  a l l  but t h e  forward d i r e c t i o n  ( i . e .  only  i n  t h e  forward d i r e c t i o n  
a r e  t h e  two waves moving wi th  t h e  same v e l o c i t y ) .  I n  add i t ion ,  
( t h e  p o l a r i z a t i o n  func t ion  d e n s i t y  can be nonvanishing only i n  t h e  
sphere of t h e  s c a t t e r e d  wave. This m a y  be expressed mathematical.ly 
by t h e  s t e p  func t ion  B(vott-X) which equals  u n i t y  f o r  p o s i t i v e  argument 
and i s  zero otherwise.  With t h i s  i n s i g h t  we proceed t o  c a r r y  out  t h e  
From Eq. (30a) we deduce 
and us ing  Eq. (36) and doing t h e  p1  
F 
i n t e g r a l ,  t h i s  becomes 
10  11 j 
a ( p , t ' )  = -i(27r) 3/2V-1/2 .-1/2yat1 . ~ t ' ~ ~  U J 0 a;P,Po r-- r* 6 PjP0 -, exp( iE t " )  (43) Ch 
I n  t h e  Feynman sense,  Eq. (43) shows t h a t  t h e  c o l l i s i o n  occurs 
a t  any time t" between 0 and t t .  Performing t h e  t"  i n t e g r a l  
g ives  (44) 
The r e s u l t  f o r  bol(p' ... , t l )  i s  given i n  Eq. (37) s o  t h a t  t h e  p o l a r i z a t i o n  
func t ion  d e n s i t y  determined from Eqs. ( 4 ,  (37 ) ,  (34) and (10) 
a f t e r  a l i t t l e  a lgebra  i s  
x ~ ( P ' - $ - B ~ )  C" - term k ,.- -( -& 
The p '  i n t e g r a l  may be done, and not ing  t h a t  
IF. 
one f i n d s  
x exp[ ik_*vo( t ' - t " ) ]  - term k_ - -k M (45) 
where 
and H ( t t , t " )  i s  given by Eq. (40). I n s e r t i n g  t h e  e x p l i c i t  
express ion  (Eq. ( 27 ) )  f o r  uJ i n t o  Eq. (46), we ob ta in  
a;z,,Po 
The angular  i n t e g r a t i o n  over  p  y i e l d s  
-1. 
[ e x p ( i p  lI3-Rt ".-- 1)-exp(- ip \R-R1 - - I ) ]  [1-exp(-iE t 1  ) ]  
X P,,,Po 
i I R - R t  I 
.- I\ 
I* 
The i n t e g r a l  has a major c o n t r i b u t i o n  i n  t h e  v i c i n i t y  of  
,-- 
E = E and we expand p  about t h i s  value,7 namely P 
.", ,Po 
anging v a r i a b l e s  from p  t o  E  Eq. (47) become 
P,' 
-1 3 J . ( R , W )  J - = ( r n / 2 ~ ) ( 2 ~ i )  j'd R ~ U ~ ~ ( R ~ - R . ) I R - R ~ I - ~ ~ X ~ [ - ~ ~  - W J  - -  ,o * ( R - R _ ~ ) ]  ,- 
Assuming t h e  major c o n t r i b u t i o n  occurs a t  
.... 
extend t h e  i n t e g r a l  over E t o  -a, and then  t h e  contour  i n t e g r a l  P  
C 
may be e a s i l y  evaluated ( t h e  r e s u l t  i s  independent o f  how we 
d i s p l a c e  t h e  po le  a t  E ) as 
,Po 
It w i l l  be convenient t o  f u r t h e r  reduce t h i s  equat ion f o r  4 
before  i n s e r t i n g  it i n t o  Eq. (45) t o  ge t  t h e  p o l a r i z a t i o n  funct ion 
dens i ty .  We d e f i n e  coordina tes  r e l a t i v e  t o  t h e  jth p e r t u r b e r  
X = :-PIj ; 6R' = R' 
-3 j - - R-j 
r 
so  t h a t  
-7 We assume t h e  i n t e r a c t i o n  U;(&R' -. j ) has a range R w 10 cm which 
t h i s  f a c t  t o  expand 
A IR-RI I c;: xj - x.-~R' J -5 9 r )"L 
and changing i n t e g r a t i o n  v a r i a b l e s  t o  6 ~ '  , Eq. (49) becomes 
-5 
The term i n  square brackets  w i l l  be recognized a s  t h e  l e a d i n g  
A 
term i n  t h e  Born expansion of t h e  s c a t t e r i n g  amplitude ~ , ( X ~ , _ P ~ )  
f o r  s c a t t e r i n g  of a plane wave wi th  momentum p  i n t o  t h e  d i r e c t i o n  
-0 
r\ 
Xj .  
We g e n e r a l i z e  our r e s u l t  by p o s t u l a t i n g  t h a t  higher  o r d e r  
s c a t t e r i n g  c a l c u l a t i o n s  a t  t h i s  p a r t i c u l a r  p e r t u r b e r  s i t e  w i l l  
merely l ead  t o  h igher  o rde r  terms i n  t h e  Born expansion o f  
f , ( X  p ) and t h a t  t o  a l l  o rde r s  i n  t h e  s c a t t e r i n g  interaction j '-0 
t h e  term i n  brackets  i n  Eq. (51) may be replaced by t h e  exact  + 
h 
s c a t t e r i n g  amplitude f a ( ~ j , g o ) .  
- - -  
- -- 
- 
To help j u s t i f y  t h i s  genera l i za t ion ,  we r e c a l l  t h e  c a l c u l a t i o n  
of ~ e t h e , ~  who t r e a t s  s c a t t e r i n g  a s  a t ime dependent problem 
and o b t a i n s  s o l u t i o n s  t o  f i r s t  o rde r  i n  t h e  s c a t t e r i n g  i n t e r a c t i o n .  
Since s c a t t e r i n g  problems may be solved wi th  eyther  t ime independ- 
e n t  o r  t ime dependent methods, one must conclude t h a t  t h e  t ime 
dependent pe r tu rba t ion  so lu t ion ,  i f  c a r r i e d  out  t o  i n f i n i t e  order ,  
would be equal  t o  t h e  exact  t ime independent so lu t ion .  Thus, t h e  
sum of a l l  o rde r s  of p e r t u r b a t i o n  theory  w i l l  l ead  t o  a r e s u l t  
p o l a r i z a t i o n  func t ion  d e n s i t y  . . 
- term k M -, -k - 
A s  predic ted ,  
* 4 
t h e r e  i s  a  phase f a c t o r  exp[ipoXj (xj-po) ] which i s  r a p i d l y  
varying i n  a l l  bu.t t h e  forward d i r e c t i o n ,  and t h e  appropr ia t e  
s t e p  ' function i s  p resen t .  
- 
Using Eq. (13) we p r o j e c t  Eq. (52) onto t h e  l a s e r  c a v i t y  
mode t o  o b t a i n  t h e  p o l a r i z a t i o n  func t ion  
- term w k  3 -k F 
= R;gj. where one should r e c a l l  t h a t  X If we expand s i n ( k * ~ )  
-3 & 
i n  terms of exponent ials ,  only t h e  ( 1 / 2 i ) e x p ( i k * ~ )  - p a r t  c o n t r i b u t e s  
i n  t h e  f i r s t  term. l3 Changing t h e  'spatial i n t e g r a t i o n  v a r i a b l e  t o  Xj,  
we note  t h a t  t h e  i n t e g r a l  i s  independent of t h e  index j s o  t h a t  i n  
summing over j, we simply ga in  a  f a c t o r  N, where N i s  t h e  t o t a l  
number of  p e r t u r b e r  s i t e s  i n  t h e  l a s e r  volume. The f a c t  t h a t  
each p e r t u r b e r  c o n t r i b u t e s  equal ly  t o  A(t,v,) i s  a consequence 
is ,  t h e  l a s e r  atom i s  i n i t i a l l y  uniformly d i s  
p e r t u r b e r  s i t e s .  Noting t h a t  t h e  integrand i n  Eq. (53) c o n t r i b u t e s  ap- 
p r e c i a b l y  only  i n  t h e  forward d i r e c t i o n ,  we may perform t h e  
i n t e g r a t i o n  over X .  t o  o b t a i n  t h e  p o l a r i z a t i o n  func t ion  
-J 
+ term k -. -k 
CI *.-. 
! 
' I 
where f,(O) i s  t h e  forward s c a t t e r i n g  amplitude f o r  s t a t e  a  
and = N/V i s  t h e  pe r tu rbe r  dens i ty .  Mathematically, t h i s  
r e s u l t  could have been reached more e a s i l y  i f  we had p ro jec ted  
on t h e  c a v i t y  mode before doing t h e  i n t e g r a t i o n  i n  momentum 
space. However, we chose t h e  above approach t o  ob ta in  e x p l i c i t  
formulas f o r  t h e  p o l a r i z a t i o n  func t ion  dens i ty ,  which determines 
t h e  s p a t i a l  dependence of t h e  macroscopic p o l a r i z a t i o n .  
00 ; 11 The p o l a r i z a t i o n  funct ion  d e n s i t y  A (R, t, go) a r i s e s  
from t h e  product of t h e  amplitudes ao0(bl1)* and t h e  diagrams 
f o r  t h i s  term a r e  shown i n  Fig.  5. The a s t a t e  amplitude i s  
unperturbed and s p a t i a l l y  i s  a  p lane  wave exp(ipo*l?). - The b  
s ta te  amplitude i s  formed from an amplitude alO(t") which 
a l r eady  con ta ins  t h e  s c a t t e r i n g  i n t e r a c t i o n .  S p a t i a l l y ,  it 
corresponds t o  a  s p h e r i c a l l y  s c a t t e r e d  wave beginning a t  
t ime t = 0  and te rminat ing  a t  t i  
a f t e r  t5me t". From time t" t o  t1  t h i s  s c a t t e r e d  wave 
cont inues t o  propagate r a d i a l l y  outward so  t h a t  a t  t ime t1  it 
occupies a s p h e r i c a l  s h e l l  wi th  i n n e r  r ad ius  v o ( t l - t " )  and 
o u t e r  r ad ius  v o t l  a s  shown i n  t h e  f i g u r e .  From t h e  s c a t t e r e d  
0 O ; l l  wave, we should expect a c o n t r i b u t i o n  t o  A (R ,  -.% t ,qo)  p ropor t iona l  
* 
t o  [ ~ - l e x ~ ( i ~ ~ ~ ) f  ,(Q) ] (con jugate  s i n c e  t h e  p o l ~ a r i z a t i o n  func t ion  
* 
d e n s i t y  i s  p ropor t iona l  t o  b  ) .  Again t h e r e  w i l l  be a r a p i d l y  
varying phase f a c t o r  f o r  t h e  p o l a r i z a t i o n  func t ion  d e n s i t y  i n  
a l l  but  t h e  forward d i r e c t i o n .  Since t h e  b s t a t e  amplitude i s  
formed from an amplitude alO(t") corresponding t o  motion i n  a l l  
A 
d i r e c t i o n s  X, t h e  Doppler f a c t o r  w i l l  be changed from 
e x p [ + i & * y 0 ( t f - t " ) ]  t o  e ~ ~ [ f i k _ . ~ ( t ~ - t " ) ]  where
Furthermore, t o  r e s t r i c t  t h e  c o n t r i b u t i o n  t o  t h e  s p h e r i c a l  s h e l l ,  
we must have t h e  product of s t e p  func t ions  O ( v o t f - ~ )  and 
e [ x - v 0 ( t f - t " ) ] .  
The d e t a i l s  of t h e  c a l c u l a t i o n  a r e  s i m i l a r  t o  t h a t  f o r  t h e  
previous term and t h e  p o l a r i z a t i o n  f u n c t i o n  d e n s i t y  i s  
o(votf-X ) o[Xj-vo( t t - t " ) ]  - term k 3 - 
which, when p ro jec ted  on t h e  c a v i t y  mode, gives' t h e  p o l a r i z a t i o n  func t ion  
Note t h a t  i n  Eq. (57) we have regained v i n  t h e  exponent ial  s i n c e  
+ o  
t h e  integrand i n  Eq. (56) c o n t r i b u t e s  only i n  t h e  forward 
h A 
d i r e c t i o n ,  X = v,, on m0d.e p r o j e c t i o n .  The tf' f a c t o r  a r i s e s  from 
t h e  i n t e g r a l  of t h e  s t e p  func t ions  over X 3. 
The l a s t  f i r s t  o rde r  l a s e r  c o n t r i b u t i o n  f o r  a s t a t e  s c a t t e r i n g  
10  11 * 
only  comes from t h e  product of amplitudes a (b  ) f o r  which t h e  
diagrams a r e  drawn i n  Fig.  6. s i n c e  we a r e  dea l ing  with only  one 
c o l l i s i o n ,  t h e  i n t e r a c t i o n s  i n  t h e  a and' b  s t a t e s  must occur a t  
t h e  same p e r t u r b e r  s i t e .  The s p a t i a l  diagrams f o r  a1° and b  11 
have been previous ly  discussed i n  r e fe rence  t o  F igs .  4 and 5 
respec t ive ly .  The c a l c u l a t i o n  must y i e l d  f a c t o r s  o f  
1 * 
~ - l e x ~ ( i ~ ~ ~ )  fa(C?) O(vot -x) and [X- exp(ipoX) f a ( n ) ]  ~ ( v ~ t ' - X )  
* 
x 0 [ ~ - v ~ ( t ~ - t " ) ]  f o r t h e  a and b  s t a t e s  amplitudes r e spec t ive ly ,  
so  t h a t  t h e  t o t a l  r e s u l t  f o r  t h e  p o l a r i z a t i o n  func t ion  dens i ty ,  
i s  formed from an amplitude a l O ( t f f )  corresponding t o  motion i n  
A 
t h e  X d i r e c t i o n  s o  t h a t  t h e  Doppler f a c t o r  wllL be e x p [ + i k _ . x ( t f - t f ' ) ]  
n ( r e c a l l  t h a t  v  C = voX). It i s  most important t o  n o t i c e  t h a t  t h e  
p o l a r i z a t i o n  func t ion  d e n s i t y  i s  not  a r a p i d l y  varying func t ion  
A 
of d i r e c t i o n  X s i n c e  both t h e  s c a t t e r e d  waves o r i g i n a t e  a t  t h e  
same s c a t t e r i n g  c e n t e r  and propagate wi th  speed v,. Thus, t h e r e  
w i l l  be s i g n i f i c a n t  con t r ibu t ions  t o  t h e  p o l a r i z a t i o n  func t ion  i n  
a l l  d i r e c t i o n s .  One may view t h e  process  .as fo l lows:  an atom 
undergoes a  c o l l i s i o n  whi le  i n  s t a t e  a and t h e n  i n t e r a c t s  wi th  
I A 
t h e  l a s e r  f i e l d  while  moving i n  a new d i r e c t i o n  X. The p r o b a b i l i t y  
h 2 f o r  s l ca t t e r ing  i n t o  t h i s  new d i r e c t i o n  i s  simply ifa(x,v0) - 1 dQ, 
h A ( n o t e  t h a t  f a ( X , P o )  and fa(X,_vo) a r e  meant t o  r ep resen t  i d e n t i c a l  
r 
q u a n t i t i e s  provided po = mvo). 
... 
Again t h e  c a l c u l a t i o n  f o r  t h e  p o l a r i z a t i o n  func t ion  d e n s i t y  
and p o l a r i z a t i o n  f u n c t i o n  t o  a l l  o rde r s  i n  t h e  s c a t t e r i n g  i n t e r -  
a c t i o n  may be done e x p l i c i t l y  t o  y i e l d  
x B[Xj-vo(t ' - t")]  - term k "- - -k -
and 
A 4 A 
Since both 1 f a ( ~ , ~ O )  l 2 and e x p [ i k 0 ~ v o ( t t - t " ) ]  .+. possess  X 
dependence, one cannot perform t h e  angular  i n t e g r a l  over QX 
)r 
without  assuming an e x p l i c i t  form f o r  1fa(x,v ) l 2  s o  t h a t  
c o  
express ion  (59) i s  somewhat more complicated t h a n  t h e  previous 
terms i n  t h e  p e r t u r b a t i o n  s o l u t i o n  f o r  A ( t ' , _ v o ) .  14 
P o l a r i z a t i o n  Function A(') ( t f  ) < 
Summing Eqs. (42),  (54),  (57) and (59) and averaging t h e  
r e s u l t  over i n i t i a l  e m i t t e r  v e l o c i t i e s  vo - wi th  a d i s t r i b u t i o n  
f u n c t i o n  V(_vo), we o b t a i n  t h e  p o l a r i z a t i o n  func t ion  ~ ( ' ) ( t l )  t o  
f i r s t  o rde r  i n  t h e  l a s e r  f i e l d  f o r  s t a t e  a s c a t t e r i n g  only 
+ term k -, k 
- v- 
A h 
where we have used Eq. (55) t o  change v a r i a b l e s  from X t o  v i n  
A 2 t h e  term involv ing  1 f a ( ~ , y o )  I . 
Equation (60) may be w r i t t e n  i n  a more sugges t ive  form. We 
de f ine  a complex quantum mechanical c r o s s  s e c t i o n  5 by &M 
which impl ies  
. . 
R e  CQM = (&?r/p,)Im[ f ( 0 )  1 = oQM 
and 
where t h e  o p t i c a l  theorem15 has been used i n  Eq. (62a) t o  r e l a t e  
1m[f ( o ) ]  t o  t h e  normal quantum mechanical c ross  s e c t i o n  o &Me 
Furthermore, de f in ing  a complex c o l l i s i o n  decay parameter 
, ,Eq. (60) becomes 
x e ~ p [ i k * ~ * ( t ~  - - t t t ) ]  { l - x a ( ~ o y ~ y t l  ,t")1 
+ term .,.- k -, -k +
( a- s c a t t e r i n g  only) 
where t h e  phase xa i s  given by 
and we have e x p l i c i t l y  ind ica ted  t h a t  t h e  forward s c a t t e r i n g  
amplitude (and consequently t h e  decay parameter) depends on t h e  
I n t e r p r e t a t i o n  of t h e  Resul t .  
Equation (63b) may be separa ted  i n t o  terms represen t ing  b inary  
c o l l i s i o n  impact e f f e c t s  ( t h e  terms "impact e f f e c t s "  and "E&vE" 
r e f e r  t o  t h e  same process  and w i l l  be used interchangeably)  and 
Doppler modifying c o l l i s i o n  e f f e c t s  (GDE). To s e e  t h a t  t h i s  i s  
poss ib le ,  we f i r s t  r e w r i t e  Eq. (63b) us ing  t h e  r e l a t i o n s h i p  
- * 
rw + T QM = 2hv a t o  o b t a i n  0 w 
I2exp[ik= .-.. (v-v - -0  ) ( t f  - t " ) ]  
I n  order  t o  sepa ra te  out t h e  GDE, we must note  t h a t  Doppler modify- 
i n g  c o l l i s i o n s  a r e  those  i n  which kAv/yab > 1 o r  equ iva len t ly  
N 
A A 
> y a b h v o  ( Q  i s  t h e  angle  between v  and v,, and Av ci: vo@ f o r  
N 
e << 1 ) .  This suggest t h a t  we break up t h e  i n t e g r a l  over nv i n t o  
t h e  regions  Q c Y a b / k ~  and 0 > yab/kvo. I n  t h e  f i r s t  reg ion  t h e  0 
exponent ia l  f a c t o r  i n  Eq. (64)  can be neglected and, a f t e r  a  l i t t l e  
a lgebra ,  we f i n d  
A 
+ hvo t t t [ J ' dnvI fa (~ ,xo)  l 2  - j ' ~ d ~ , I f , ( G , ~ ~ )  l*exp[ik* (v-v - r O  ) ( t t  - t f 1 ) ]  
where we have used t h e  f a c t  t h a t  oaQM = SdC?, 1 fa(;,!,) 1 * and 
c o l l i s i o n  region) .  One now no tes  t h a t  
i s  j u s t  t h e  p r o b a b i l i t y  p e r  u n i t  t ime f o r  an atom i n  s t a t e  a t o  
change i t s  v e l o c i t y  from yo t o  H (wa(G \yo) i s  def ined  f o r  Doppler 
modifying c o l l i s i o n s  only) while  
i s  t h e  r a t e  a t  which Doppler modifying c o l l i s i o n s  occur f o r  
atoms i n  s t a t e  a. With t h e s e  assignments, Eq. (65) becomes 
- t"S1dnv w,(;I%) exp i k a ( v - v  -0 ) ( t f - t " )  
This quantum mechanical expression f o r  xa c l e a r l y  s e p a r a t e s  t h e  
ELVE ( represented  by t h e  f i rs t  term i n  Eq. (68) which i s  t y p i c a l  
of impact theory  r e s u l t s )  and t h e  GDE ( represented  by t h e  l a s t  
two terms i n  ~ q .  (68). 
In f a c t ,  such a separa t ion  forms t h e  b a s i s  f o r  a pseudo- 
c l a s s i c a l  model, i n  which one al lows c l a s s i c a l  Doppler modify 
If c o l l i s i o n s  f o r  t imes up t o  t" and impact co l lLs ions f l  f o r  t imes 
between t" and t f  ( s e e  Fig.  3 ) .  That is ,  f o r  t imes l e s s  than  t", 
f o r  t < tfl - s e e  Fig.  3) and we can s t i l l . s p e a k  of a v e l o c i t y  
changing c o l l i s i o n  f o r  t h e  a tom. in  s t a t e  a.  l6 1n some c l a s s i c a l  
l i m i t ,  we can a s s o c i a t e  the. q u a n t i t i e s  W ~ ( $ ~ X ~ )  and raDM w i t h  t h e  
Boltzmann c o l l i s i o n  kernel  and c l a s s i c a l  r a t e  f o r  Doppler modifying 
c o l l i s i o n s ,  r e spec t ive ly ,  f o r  atoms i n  s t a t e  a. On t h e  o t h e r  hand, 
we can no longer  speak of c l a s s i c a l  Doppler modifying c o l l i s i o n s  
f o r  t h e  t ime region  t" t o  t g  s i n c e  pab(t)  i s  non zero i n  t h a t  
t ime interva.1 and i n e q u a l i t y  (1)  i s  n o t  s a t i s f i e d ,  making it 
impossible t o  a s s o c i a t e  a  c l a s s i c a l  t r a j e c t o r y  wi th  pab(t) ,  
Using t h i s  observat ion,  we complete our  model by assuming t h a t ,  
i n  t h e  time i n t e r v a l  t" t o  t f ,  Doppler modifying c o l l i s i o n s  a r e  
forbidden and only  impact " c o l l i s i o n s f '  a r e  poss ib le .  One should 
r e c a l l  t h a t  t h i s  t ime region tias marked by s c a t t e r i n g  c o n t r i b u t i o n s  
t o  t h e  p o l a r i z a t i o n  func t ion  t h a t  involved only t h e  forward 
s c a t t e r i n g  a,mplitude. The a s s o c i a t i o n  of  impact c o l l i s i o n s  wi th  
forward s c a t t e r i n g  amplitudes i s  we l l  founded. l7 Since ELVE cannot 
occur i f  pa,(t) = l d ' ~ ~ , ~ ( ~ _ , t )  = 0  ( i f  pab(t)  = 0  before  a c o l -  
l i s i o n ,  t h e  d e n s i t y  matrix p ( t )  w i l l  be unchanged as a r e s u l t  o f  
t h e  a d i a b a t i c  c o l l i s i o n )  and Doppler modifying c o l l i s i o n s  occur  
only i f  p a b ( t )  = 0, t h e  two types  of c o l l i s i o n s  must occur a t  
mutually exclus ive  t imes,  
It i s  no t  our  purpose t o  go i n t o  t h e  a n a l y t i c  d e t a i l s  of  t h e  
pseudoclassical .  model i n  t h i s  paper,  We have introduced it a t  t h i s  
t ime (and s h a l l  r e f e r  t o  it b r i e f l y  h e r e a f t e r )  s i n c e  it a r i s e  
n a t u r a l l y  from t h e  quantum mechanical development. I n  t h i r d  o r d e r  
l a s e r  theory,  t h e  p o l a r i z a t i o n  func t ion  w i l l  again be expressable  
i n  terms of m u l t i p l e  i n t e g r a l s  over  t h e  var ious  t ime i n t e r v a l s  
between i n t e r a c t i o n s  wi th  t h e  l a s e r  f i e l d .  The pseudoc lass i ca l  
model w i l l  provide t h e  s t a r t i n g  p o i n t  f o r  t h i s  c a l c u l a t i o n  i n  
which t h e  Lindholm-Foley o r  Baranger theory  i s  used t o  propagate  
t h e  s o l u t i o n  through time i n t e r v a l s  where pab(t)  # 0 and t h e  
~ o l t z h a n n  equat ion approach i s  used t o  propagate t h e  s o l u t i o n  
through time i n t e r v a l s  where pab(t)  = 0. We should mention, 
i n  passing,  t h a t  t h e  pseudoc lass i ca l  model w i l l  a l s o  enable  one 
t o  r e a d i l y  g e n e r a l i z e  t h e  o n e - c o l l i s i o n  r e s u l t  t o  t h e  many 
(b inary)  c o l l i s i o n  case.  
I n  concluding t h i s  sec t ion ,  we shouLd l i k e  t o  no te  t h a t  
h 
if Doppler modifying c o l l i s i o n s  a r e  n e g l i g i b l e ,  raDM W,(V lv,) 0, 
Eq. (68)  reads  
which i s  t y p i c a l  o f  pure  impact . t h e o r i e s .  
V I  COLLISHON IIJTERACTION I N  LOWER LASER STATE ONLY 
One might t h i n k  t h a t  t h e  form of  our  r e s u l t s  would not  
change if  t h e  c o l l i s i o n  i n t e r a c t i o n  occurred only i n  s t a t e  b 
r a t h e r  than  only i n  s t a t e  a, but  t h e  r e s u l t s  f o r  t h e s e  cases  a re ,  
i n  f a c t ,  d i s t i n c t .  This i s  due t o  t h e  n a t u r e  of t h e  c o l l i s i o n  
processes  involved, as w i l l  be discussed below. For b - s c a t t e r i n g  
only, ins t ead  of Eq. (35) we t a k e  
00 ; 01 Only one term, i n  add i t ion  t o  t h e  no c o l l i s i o n  t e r n  A 
(Eq. (42)), w i l l  c o n t r i b u t e  i n  t h e  case  of b - s c a t t e r i n g  only. 
The c a l c u l a t i o n  proceeds as i n  Sec, V. 
0 O ; l t 1  The p o l a r i z a t i o n  funct ion  d e n s i t y  A (5 ,  t ,go) a r i s e s  
from t h e  product of t h e  amplitudes ao0(b1'')* and t h e  corresponding 
t h a t  t h e  c o l l i s i o n  i n t e r a c t i o n  occurs i n  s t a t e  b. The a s t a t e  
amplitude i s  an unperturbed p lane  wave exp(ipo+).  - The b s t a t e  
amplitude begins t o  experience t h e  c o l l i s i o n  i n t e r a c t i o n  as  soon 
as t h e  t r a n s i t i o n  a t  t ime t" occurs,  and s p a t i a l l y  i s  a s p h e r i c a l  
wave t h a t  begins propagat ing a t  t ime t" and cont inues t o  propagate  
u n t i l  t h e  t ime of observat ion  t f . The s p h e r i c a l  wave propagates 
wi th  speed l p  +kl/m. I n  t h i s  case,  it i s  important t o  keep t h e  
-0 
photon momentum i n  t h e  expression s i n c e  it w i l l  l e a d  t o  a 
nonnegl ig ib le  phase s h i f t .  Therefore, t h e  b  s t a t e  amplitude 
A 
should c o n t r i b u t e  a f a c t o r  { ~ - l f ~ ( ~ , ~ ~ + k )  .. e x p ( i  l p  w.o +&IX) 
Jt 
x 0[ ( lpockl/m) ( t 1 - t " ) - X ]  ] t o  t h e  p o l a r i z a t i o n  func t ion  dens i ty .  
r .-. 
The s t e p  func t ion  conf ines  t h e  c o n t r i b u t i o n  t o  t h e  sphere shown 
i n  Fig.  7. Since t h e  b s t a t e  amplitude i s  formed from an 
amplitude aoo( t  ) corresponding t o  an atom moving with v e l o c i t y .  
Yo9 t h e  Doppler f a c t o r  w i l l  be e x p [ + i k * v o ( t f  .+ .. - t H ) ] .  We expect 
t h e  p o l a r i z a t i o n  func t ion  d e n s i t y  t o  have a  r a p i d l y  varying 
phase f a c t o r  i n  a l l  but  t h e  forward d i r e c t i o n .  
Performing t h e  ca lcula t ion ,18  w e  f i n d  t h e  p o l a r i z a t i o n  
func t ion  d e n s i t y  
Using t h e  f a c t  t h a t  k@ << 1, one may e a s i l y  show t h a t  
s o  t h a t  when Eq. (70) i s  pro jec ted  on t h e  c a v i t y  mode we 
ob ta in  ( t h e  integrand c o n t r i b u t e s  s i g n i f i c a n t l y  only i n  t h e  
forward d i r e c t i o n )  
1 -b * 
x [ -  2[r Q M ( ~ o ) ]  ( t t - t " ) ]  + term k .-. - -k hn 
where 
and 
Combining Eq. (72)  w i t h  Eq. (42) ,  we a r r i v e  a t  t h e  p o l a r i z a t i o n  
func t ion  t o  f i r s t  o rde r  i n  t h e  l a s e r  f i e l d  f o r  b - s c a t t e r i n g  only 
( b - s c a t t e r i n g  only)  
The simple impact n a t u r e  of t h i s  r e s u l t  can be explained i n  
terms of our  pseudoc lass i ca l  model, which i s  a l s o  app l i cab le  t o  t h e  
case  of  b - s c a t t e r i n g  only,  Reference t o  Fig.  7 w i l l  i n d i c a t e  t h a t  
pab(t) f 0 and, as such, g ive  r i s e  t o  impact r a t h e r  than  Doppler 
modifying e f f e c t s .  . W e  s e e  t h a t ,  i n  general ,  t h e  r e s u l t  f o r  pure  
a - s c a t t e r i n g  (Eq. (63) )  and pure b - s c a t t e r i n g  (Eq. (75))  d i f f e r  i n  
form due t o  t h e  presence of Doppler modifying c o l l i s i o n s  i n  t h e  
former which a r e  absent  i n  t h e  l a t t e r ,  (We should p o i n t  out  t h a t  
i f  e x c i t a t i o n  of  l a s e r  atoms t o  s t a t e  b  r a t h e r  than  t o  s t a t e  a had 
been considered, t h e  n a t u r e  of t h e  a - s c a t t e r i n g  only and b - s c a t t e r i n g  
only  r e s u l t s  would be reversed . )  A d i scuss ion  of t h e  s i g n i f i c a n c e  
of  t h e s e  f ind ings  w i l l  be given i n  Sec. V I I I .  
V I I  COLLISION INTERACTION I N  BOTH LEVELS 
I n  some cases ,  t h e  c o l l i s i o n  i n t e r a c t i o n  i n  both l e v e l s  a 
and b  may be of comparable magnitude i n  which case  t h e  t rea tment  
given i n  Secs. V and V I  i s  incomplete. Although we f e e l  t h i s  
w i l l  no t  be t h e  usual  s i t u a t i o n ,  f o r  completeness we p r e s e n t  t h e  
c a l c u l a t i o n  wi th  c o l l i s i o n  i n t e r a c t i o n  i n  both l e v e l s ,  An added 
motivat ion f o r  t h e  c a l c u l a t i o n  i s  provided by t h e  f a c t  t h a t ,  i n  
t h e  l i m i t  of equal c o l l i s i o n  i n t e r a c t i o n  both l e v e l s ,  expect 
t o  a r r i v e  a t  t h e  r e s u l t s  f o r  a model which t r e a t s  t h e  atomic c e n t e r  
of  mass motion c l a s s i c a l l y .  Thus, we t a k e  U 3 
a;_p,gf # 0 and 
5 
b;p,pf f 0  and t h e r e  i s  one addi t ionaL c o n t r i b u t i o n  t o  t h e  
h. - 
p o l a r i z a t i o n  func t ion  which must be ca lcu la ted .  
The f i n a l  term of  f i r s t  o rde r  l a s e r  theory  f o r  t h e  one co l -  
10 1'1 * and l i s i o n  process  a r i s e  from t h e  product of amplitudes a ( b  ) 
involves s c a t t e r i n g  i n t e r a c t i o n s  i n  both s t a t e s  a and b. Since 
we a r e  dea l ing  wi th  only  one c o l l i s i o n ,  both i n t e r a c t i o n s  must 
occur a t  t h e  same p e r t u r b e r  s i t e .  Following t h e  d i scuss ion  as- 
soc ia ted  wi th  Figs .  4 and 7 ,  we expect t h e  a s t a t e  amplitude t o  
A 
c o n t r i b u t e  a  f a c t o r  l i k e  X - ' ~ ~ ( X , ~ ~ )  .+ exp(ip0x) O(votl-X) and t h e  
A * 
b s t a t e  amplitude one l i k e  [ ~ - l f ~ ( ~ , ~ ~ * k )  .., e x p ( i  lpO+klx) ,.A ]
X 8[ ( l po+ lc l /m)  - ( t l - t " ) - X I .  I n  t h i s  case,  t h e  p o l a r i z a t i o n  func t ion  
d e n s i t y  w i l l  have a  slowly varying phase f a c t o r  s i n c e  one s p h e r i c a l  
wave propagates wi th  speed vo while  t h e  o t h e r  propagates  with 
speed lvo+&/rn 1 . The r e s u l t i n g  expression f o r  t h e  p o l a r i z a t i o n  
f u n c t i o n  d e n s i t y  i s  found t o  be 
- term k -. -5 
.w. 
where Eq. (71) has been used. 
It w i l l  be convenient t o  expand 
which i s  v a l i d  s i n c e  k << p . 
0 
Pro jec t ing  Eq. (76) onto t h e  
c a v i t y  mode y i e l d s  
x O[vo( t ' - t t t ) -X]  + term h k - -& 
Performing t h e  i n t e g r a l  over X, changing v a r i a b l e s  according 
t o  Eq. (55), and averaging over  t h e  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  
l e a d s  t o  
+ term k  -, -k 
h- C (79)  
where 
A 
Gk(v,xo,t ' - t")  [ e x p I i k * ( ~ - ~ o )  .- ( t f - t n ) ] - l ]  [%p(v_-vo)] 
. - 
(80) 
This i s  as far  as  we may go without  e x p l i c i t  expressions f o r  f a  
and fb. Combining Eqs. ( 6 3 ) ,  ( 7 2 ) ,  and (79 ) ,  we a r r i v e  a t  t h e  
genera l  one c o l l i s i o n  r e s u l t  f o r  t h e  average p o l a r i z a t i o n  funct ion  
t o  f i r s t  o r d e r  i n  t h e  l a s e r  f i e l d  
1 )  1 A( ( t t  )= - g i ~ ~ ( t f ) ~ - 1 ~ d 3 v o ~ ( v  -0 ) ~ ~ ' d t " ~ ( t ~ , t " ) e x ~ [ i k . v  - - 0  ( t f - t " ) ]  
+ term k -. -k . 
r .A 
where Gk i s  given by Eq. (80) .  It i s  of i n t e r e s t  t o  look a t  
w' 
s e v e r a l  l i m i t i n g  cases  of  t h i s  genera l  r e s u l t .  
S t r a i g h t  l i n e  pa ths  - The reader  should r e c a l l  t h a t  t h e  normal 
Doppler e f f e c t  i s  modified only by those  c o l l i s i o n s  t h a t  produce 
changes i n  v e l o c i t y  Av ,.- such t h a t  kAv > yab. On t h e  o t h e r  hand, 
s i g n i f i c a n t  ELVE c o l l i s i o n s  w i l l  gene ra l ly  occur even i f  
M v  5 Yab so  t h a t  i n  some cases ,  it may be a f a i r  approximation 
t o  completely neg lec t  t h e  Doppler modifying c o l l i s i o n s  ( t h e r e  w i l l  
< > always be more c o l l i s i o n s  l ead ing  t o  kAv , yab than  kAv , yab). 
Neglect of Doppler modifying c o l l i s i o n s  i s  equiva lent  t o  t a k i n g  
s t r a i g h t  l i n e  pa ths  f o r  e m i t t e r  t r a j e c t o r i e s ,  which i$ a common 
assumption of s tandard p ressu re  broadening t h e o r i e s .  The assumption 
i s  v a l i d  i f  Doppler modifying c o l l i s i o n s  a r e  r e l a t i v e l y  unimportant 
compared wi th  c o l l i s i o n s  producing ELVE, and may correspond t o  a 
c l a s s i c a l  d e s c r i p t i o n  of r e l a t i v e  e m i t t e r  p e r t u r b e r  motion. 
Neglect of Doppler modifying c o l l i s i o n s  impl ies  t h a t  we 
cons ide r  only t h e  region  €3 5 yab/kvo i n  t h e  angular  i n t e g r a t i o n  
over  !Jv i n  EQ. ( 8 .  I n  t h i s  region, Gk(v,yo, t f  -ttt) t f  -tt', 
... 
-&?a (v  ) ( t f  - t " ) ,  and Eq. (81) becomes ~ ~ ( ~ ~ , & , t f , t ~ ~ )= 2 &M 
h A * 
- hvoJdnv fa(v,yo)  fb(v ,xo)  I ]  + term k v- - -k .,. 
( s t r a i g h t  l i n e  p a t h  l i m i t )  (%2) 
'which i s  i n  agreement wi th  t h e  quantum mechanical r e s u l t  of 
~ u r a n ~ e r ~ '  who considered t h e  problem of a f i x e d  e m i t t e r  and 
moving pe r tu rbe r s .  For s t r a i g h t  l i n e  pa ths ,  it may be shown 21 
t h a t  EQ. (82) reduces t o  t h e  Lindholm-Foley r e s u l t 2  f o r  t h e  problem 
which t r e a t s  a  f ixed emitter  and c l a s s i c a l l y  moving per turbers  , 
folded i n t o  the  unperturbed emit'ter ve loc i ty  d i s t r ibu t ion .  
Equal s ca t t e r ing  in te rac t ion  i n  both l e v e l s  - The unl ikely  
(but possible)  case of f a  = f b  E f leads  t o  t h e  opposite l i m i t .  
That is,  ELVE a r e  absent s ince t h e  r e l a t i v e  c o l l i s i o n  induced 
phase s h i f t  i s  zero, and any modifications of l i n e  shapes must 
a r i s e  from t h e  GDE. We should a l so  expect a c l a s s i c a l  cor- 
respondence f o r  t h i s  case s ince E ~ .  (1) i s  well  s a t i s f i e d  ( the  
a  and b t r a j e c t o r i e s  of Fig. 1 coincide).  I n  t h i s  l i m i t  
- . - - - - - 
so t h a t  using Eq. (64), Eq. (81) becomes 
+ term k .*\ + -k rC
hvploying a  procedure iden t i ca l  t o  t h e  one used following 
9. (64), Q. (83) may be transformed i n t o  
+ term k -, -k 
.- ".-- 
( c l a s s i c a l  l i m i t  f a  = fb )  
22 " where, i n  t h e  WKB l i m i t ,  w(vlYo) and rDM(vo) a r e  equal  t o  t h e  
p r o b a b i l i t y  d e n s i t y  p e r  u n i t  t ime f o r  a c o l l i s i o n  t o  change t h e  e m i t t e r  
v e l o c i t y  from _vo t o  v - (Boltzmann c o l l i s i o n  kernel  def ined  f o r  
Doppler modifying c o l l i s i o n s  only) and t h e  r a t e  of Doppler 
modifying c o l l i s i o n s ,  r e spec t ive ly .  It may be shown t h a t  Eq. (84) 
i s t h e  l ead ing  term i n  a Boltzmann equat ion approach t o  t h e  problem 
and, as such, seems t o  i n d i c a t e  t h a t  a Boltzmann equat ion approach 
is v a l i d  f o r  t h e  c a s e  f a  = fb .  23 A s  p red ic ted ,  t h e  r e s u l t  m a y  be 
of  a pure ly  c l a s s i c a l  na ture .  If one wishes t o  s tudy t h i s  case  
f o r  t h e  many c o l l i s i o n  problem, it i s  probably e a s i e r  t o  use  t h e  
zmann - equat ion approach than  our  meth 
C o l l i s i o n  i n t e r a c t i o n  i n  one s t a t e  only - If e i t h e r  fb  ,O 
o r  f a  0, Eq. (81) reduces t o  Eq. (63) o r  (75 ) ,  r e spec t ive ly .  
For t h e  case  of b - s c a t t e r i n g  only, t h e r e  i s  a g r e a t  s i m p l i f i c a t i o n  
s i n c e  t h e  c o l l i s i o n  t e r n s  i n  t h e  r e s u l t  depend s o l e l y  on t h e  two 
parameters R ~ F ~  Q& and 1mFW. We have a l s o  ind ica ted  t h a t  a 
pseudoc lass i ca l  model i s  app l i cab le  when t h e r e  i s  c o l l i s i o n  
i n t e r a c t i o n  i n  onby one s t a t e ,  Our r e s u l t s  a r e  no t  equiva lent  
t o  those  which combine a Boltzmann equat ion approach t o  t r e a t  
v e l o c i t y  e f f e c t s  and an impact p r e s s u r e  broadening theory  t o  
t r e a t  ESVE, except  i n  t h e  sense descr ibed  i n  Sec, V. 
General case  - I f  none of t h e  above l i m i t s  a r e  achieved, 
one must cons ider  t h e  genera l  expression (81) f o r  t h e  p o l a r i z a t i o n  
funct ion .  Evaluat ion w i l l  be extremely d i f f i c u l t  s i n c e  a complete 
knowledge of f,(n) and fb(Q) i s  requi red .  If one at tempts  t o  
f i n d  a  pseudoc lass i ca l  model f o r  t h e  genera l  case,  he immedi&tely 
runs  i n t o  d i f f i c u l t y .  I n  t h e  region  t" < t < t' ( s e e  Fig. 8 ) ,  
one can no longer  abso lu te ly  exclude Doppler modifying c o l l i s i o n s  
s i n c e  t h e  a and b t r a j e c t o r i e s  (Fig.  1 )  may d i f f e r  only s l i g h t l y  
f o r  some c o l l i s i o n s  ( i n e q u a l i t y  (1 )  approximately s a t i s f i e d )  
allowing f o r  t h e  p o s s i b i l i t y  of c l a s s i c a l  v e l o c i t y  changing c o l l i s i o n s .  
On t h e  o t h e r  hand, impact e f f e c t s  a r e  c e r t a i n l y  allowed i n  t h i s  
t ime region s o  t h a t  W E  and GDE a r e  simultaneously occurr ing  and 
event,  t h e  o n e - c o l l i s i o n  r e s u l t s  i n d i c a t e  t h a t  . - combining ELVE 
and Boltzmann equat ion r e s u l t s  as has been done i n  t h e  p a s t  394 
does not  l e a d  t o  t h e  c o r r e c t  r e s u l t  f o r  t h e  p o l a r i z a t i o n  funct ion ,  
and one concludes t h a t  t h e  quantum mechanical formulat ion i s  needed. 24 
VII AMPLITUDE AND PHASE EQUATIONS 
- I n  t h i s  sec t ion ,  we o b t a i n  t h e  s e l f  c o n s i s t e n t  amplitude 
i 
and phase equat ions i n  t h e  one c o l l i s i o n  approximation which 
w i l l  enable  us t o  d e r i v e  expressions f o r  t h e  ga in  and frequency 
p u l l i n g  parameters of t h e  l a s e r .  We s h a l l  work i n  t h e  l i m i t  
of c o l l i s i o n  i n t e r a c t i o n  i n  one s t a t e  only, and, t o  f a c i l i t a t e  t h e  
c a l c u l a t i o n ,  we in t roduce  a  q u a n t i t y  
xa(v0, k, t t  , t " )  a - s c a t t e r i n g  only 
~ ( v  -0 , k , t t  , t " )  = [ 1-b  (85) Q M ( v ~ * ( t l  - t t ' ) b - s c a t t e r i n g  only 
Equations (63) and (75) give t h e  pol .ar izat ion funct ion  which must 
be i n t e g r a t e d  between t imes t and t 4 6 t  t o  be used i n  t h e  amplitude 
and phase equat ions (19) and (21 ) .  By our assumption on 6 t ,  t h e  
i n t e g r a l  may be taken from 0 t o  a with both ~ ( t  ) and. cp(t ) evaluated 
a t  t = t .  Thus, performing t h i s  i n t e g r a t i o n  and us ing  Eq. (85), 
we f i n d  
x ~ l t f ,  t") expc- 
0 0 
i k * ~  - --o ( t f  t l ' ) ] [ l - ~ ( \ l ~ , k , t ' , t " ) ]  d 
. - By changing v a r i a b l e s  t o  
7 = t t - $ ' I ,  t ' l  = tf' 
a ~ d  us ing  EQ. (40), t h e  above i n t e g r a l  becomes 
- 
- ( ~ ~ ~ ~ n ~ - ~ ~ t "  [ l  - ~,(x,,_k, t t  , t")] a - s c a t t e r i n g  
.a 0 A 
-1 1-b 
--I' ( v  )*TI b - s c a t t e r i n g  ( Ya exp[ 2 QM o 
+ term - k -, -k ..-
where we have approxima.t ed 
i n  t he  b-scat ter ing r e s u l t  based on t h e  one c o l l i s i o n  approximation, 
-b /r w(<< yab. Subs t i tu t ing  Eq. (86) i n t o  t h e  amplitude equation 
(19) and using Eq. ( 6 8 ) ,  we f ind.  
k + a ~ = O  
where t h e  gain parameter a given by 
\ x exp[ik. .--. (v-v m- wo )TI ]  + c.c + term k M + -k ,.,. 
( a -  sca t t e r ing  only) 
(b -sca t te r ing  only) 
and A = X/V i s  t h e  exc i ta t ion  ra,te per  u n i t  volume. The phase 
equation (21) i s  approximately 
\ x e x p [ i k 0 ( v - v  )TI - c.c .  + term k - -k - -0 CI *n 
* 1 ( a - s c a t t e r i n g  only) 
1 .  - 1 -b 
Ya '[cu-n+pnr Q M ( ~ o )  - &*yo - E ~ ]  + term k -, -ti: 
1 -b  1 -b  * 2 rr\ *C\ [yab + ~ R e r  QM (v  0 )12 + [ ~ - n + ~ ~ m r ~ ( ~ ~ )  - ~ . v , - E ~ I  - . 
- 
( b - s c a t t e r i n g  only) (gob) 
and g ives  t h e  frequency pul].ing @, 
b - s c a t t e r i n g  onlx  - A s  d iscussed  i n  Sec. V I  and depic ted  i n  
Eqs. (89b) and (gob) ,  t h e  r e s u l t s  a r e  of a pure ly  impact n a t u r e  
wi th  t h e  n e t  modif ica t ion  of  t h e  no c o l l i s i o n  r e s u l t  being 
w i l l  t u r n  out  t h a t  Eq. (87) provides t h e  c o r r e c t  p a t h  f o r  going 
from t h e  one c o l l i s i o n  t o  t h e  many (b inary)  c o l l i s i o n  problem, 
and Eqs. (89b) and (gob) w i l l  be v a l i d  a t  a l l  p ressu res  where 
b inary  c o l l i s i o n  theory  (impact theory)  may be used. If one 
assumes t h a t  t h e  decay parameter fb &M (vo) i s  a slowly varying 
func t ion  of vo compared wi th  W(vo), then  it mazy be evaluated 
I 
a t  t h e  average speed (vo) .  For an  even d i s t r i b u t i o n  func t ion  w ( ~ , ) ,  
I 
t h e  r e s u l t a n t  ga in  profi1.e w i l l -  be a  symmetric func t ion  of cav i ty  
1 * detuning about t h e  frequency 2 ~ m ~ b  ( ( v o ) )  - E If t h i s  approxi- w h 
mation i s  not made, t h e  integra1.s i n  Eqs. (89b) and (gob) m u s t  be 
evaluated numericall-y. We shou1.d poin t  out t h a t  t h e  pure impact 
na tu re  of t h e  r e s u l t  w i l l .  be l o s t  i n  t h i r d  order  Laser theory.  
a - s c a t t e r i n g  on lx  - The r e s u l t s  ( ~ q s . ( 8 9 a )  and (gOa)) r e f l e c t  
t h e  presence of Doppler modifying c o l l i s i o n s  and a r e  n o t  of a 
p a r t i c u l a r l y .  simple na ture .  Only i n  t h e  s t r a i g h t  1-ine p a t h  l i m i t  
( s e e  Eq. (69) )  w i l l  t h e  a - s c a t t e r i n g  r e s u l t  assume t h e  same 
impact theory  form as t h e  b - s c a t t e r i n g  r e s u l t .  It i s  p o s s i b l e  
t o  g e n e r a l i z e  t h e  one c o l l i s i o n  r e s u l t  us ing  our pseudoc lass i ca l  
model and, not  going i n t o  d e t a i l s ,  t h e  n e t  e f f e c t  w i l l  be t h a t  
t h e  in tegrands  i n  Eqs. (89a) and (90a) a r e  replaced by 
t h e  p r o b a b i l i t y  t h a t  t h e  l a s e r  atom has a  y e l o c i t y  v a t  time t". 
V 
Thus, we s e e  t h a t  t h e  Doppler modifying c o l l i s i o n s  a f f e c t  t h e  
r e s u l t s  by a l t e r i n g  t h e  v e l o c i t y  v wi th  which t h e  l a s e r  atom mwes 
.-% 
i n  t h e  t ime z of i n t e r e s t .  We d e f e r  an a c t u a l  c a l c u l a t i o n  using 
Eq. (91) u n t i l  we have completed t h i r d  o r d e r  l a s e r  theory.  
F i n a l l y ,  we should l i k e  t o  comment on t h e  impl ica t ion  of 
having d i f f e r e n t  r e s u l t s  f o r  a-$tattering only and b - s c a t t e r i n g  
only.  Let  us  f o r g e t  t h e  l a s e r  f o r  t h e  time being and cons ider  
a two l e v e l  atom wi th  a  ground s t a t e  b  and exc i t ed  s t a t e  a. 
R e a l i s t i c a l l y ,  we could neg lec t  t h e  s c a t t e r i n g  i n t e r a c t i o n  i n  
t h e  ground s t a t e  and cons ider  t h a t  a - s c a t t e r i n g  only is present .  
Let  a monochromatic f i e l d  of  frequency be app l i ed  t o  t h e  system 
which has E -Eb = m. If an absorpt ion  experiment i s  performed a 
(atom i n  s t a t e  b  a t  t = O), t h e  absorpt ion  c o e f f i c i e n t  w i l l  be 
of t h e  form of Eq. (89b) ( r e p l a c e  Fb * with P ~ ~ ) ,  but  i f  a ' &M 
s t imula ted  emission experiment i s  performed (atom i n  s t a t e  a a t  
t = O), t h e  ga in  parameter w i l l  be of t h e  form of Eq. (89a). 
Thus, t h e  s t imula ted  emission and absorpt ion p r o f i l e s  would 
d i f f e r .  Any p o s s i b i l i t y  f o r  t e s t i n g  t h i s  p r e d i c t i o n  exper i -  
menta l ly  depends on t h e  a c t u a l  d i f f e rence  i n  t h e  r e s u l t s  caused 
by a d i f f e r e n c e  i n  Eqs. (68) and (69) which, i n  tu rn ,  depends on 
t h e  form of 1 I?  
VIP1 SUMMARY AND DISCUSSION 
summary - We have attempted t o  so lve  t h e  Schrodinger 
equat ion f o r  an a c t i v e  atom immersed i n  a medium of pe r tu rb ing  
atoms and sub jec t  t o  an e x t e r n a l  c l a s s i c a l  e l e c t r i c  f i e l d .  
Since exact  s o l u t i o n s  of t h e  Schrodinger equat ion a r e  d i f f i c u l t  
t o  obta in ,  we proceeded t o  cons t ruc t  a s e r i e s  of s impl i fy ing  
asswnptions o r  approximations t h a t  enabled us  t o  o b t a i n  t h e  
l e a d i n g  terms of a p e r t u r b a t i o n  s o l u t i o n  t o  t h e  problem. Taking 
t h e  p e r t u r b e r  atoms r i g i d l y  f ixed  i n  t h e  medium, we followed 
t h e  t ime development of t h e  a c t i v e  atom t o  f i r s t  order  i n  t h e  
e x t e r n a l  f i e l d  and lowest o rde r  i n  t h e  c o l l i s i o n  i n t e r a c t i o n .  
We then  genera l ized  our  r e s u l t  t o  a l l  o rde r s  i n  t h e  s c a t t e r i n g  
i n t e r a c t i o n  a t  each ind iv idua l  p e r t u r b e r  s i t e  so  t h a t  our  
r e s u l t a n t  expressions r e f l e c t e d  t h e  case  of a s i n g l e  c o l l i s i o n  
f o r  our  a c t i v e  atom. With t h e s e  assumptions we derived t h e  
genera l  expression (81) f o r  t h e  average p o l a r i z a t i o n  func t ion  
expression were discussed i n  Sec. VII.  I n  p a r t i c u l a r  we looked 
a t  t h e  s i t u a t i o n  f o r  s t r a i g h t  l i n e  c o l l i s i o n  pa ths  (impact 
p r e s s u r e  broadening theory  l i m i t )  and equal  c o l l i s i o n  i n t e r a c t i o n  
i n  both r a d i a t i v e  s t a t e s  (Boltzmann equat ion approach l i m i t ) .  
 quat ti on (81) a l s o  s impl i f i ed  i n  t h e  case  where one of t h e  two 
r a d i a t i v e  s t a t e s  underwent a much s t ronger  c o l l i s i o n  i n t e r a c t i o n  
than  t h e  o t h e r  w i t h  t h e  r e s u l t  given by ~ q .  ( 6 3 )  o r  (75). 
Using t h e s e  r e s u l t s ,  we obtained expressions f o r  t h e  ga in  (Eq. (89)) 
and frequency p u l l i n g  (EQ, (90) ) -o f  t h e  l a s e r .  Although our  c a l -  
c u l a t i o n  was s p e c i f i c a l l y  d i r e c t e d  towards l a s e r s ,  it could 
equa l ly  we l l  d e s c r i b e  s t imula ted  emission ox absorpt ion  wi th in  
t h e  conf ines  of our  model. To t h i s  end, we noted t h a t  one would 
expect d i f f e r e n t  absorpt ion  and s t imula ted  emission p r o f i l e s  f o r  
t h e  case  where one s t a t e  only i s  s i g n i f i c a n t l y  s c a t t e r e d .  
I n  Secs. V and V I ,  we introduced a pseudoc lass i ca l  model 
f o r  t h e  case  of s c a t t e r i n g  i n t e r a c t i o n  i n  only one s t a t e  based 
upon t h e  f a c t  t h a t  Doppler modifying and impact c o l l i s i o n s  
occur at mutually exclus ive  t imes.  This  model w i l l  a l low one 
t o  e a s i l y  g e n e r a l i z e  t h e  o n e - c o l l i s i o n  r e s u l t s  t o  t h e  many (b inary)  
c o l l i s i o n  case.  A d e t a i l e d  d i scuss ion  of t h e  pseudoc lass i ca l  
model w i l l  be given i n  t h e  paper on t h i r d  o rde r  l a s e r  theory.  
Discussion - The d i scuss ion  given below, un less  otherwise 
noted, w i l l  p e r t a i n  only t o  t h e  case  of c o l l i s i o n  i n t e r a c t i o n  
i n  one s t a t e  only s i n c e  we b e l i e v e  t h a t ,  i n  genera l ,  t h i s  i s  
We have been coricerned wi th  a one c o l l i s i o n  model, but  can 
i n d i c a t e  what i s  t o  be expected if one goes t o  t h e  many c o l l i s i o n  
-8 problem. For t h i s  purpose we assume a  l i f e t i m e  of T = 1 0  sec  
f o r  t h e  a c t i v e  atom and an o p t i c a l  c o l l i s i o n  c r o s s  s e c t i o n  
I 
fi2 m rr10'14cm2 f o r  a r e l a t i v k  emi t t e r -pe r tu rbe r  speed of 
' 5  v w 10  cm/sec and cons ider  t h r e e  p r e s s u r e  regions  ( A )  
h << 3 x 1016 atoms/cm3 - -  This i s  t h e  r eg ion  of v a l i d i t y  f o r  
our  one c o l l i s i o n  model ( ~ e f ~ ~  << yab) . (B) 3 x 1016 atoms/cm 3 
<h << 3 x lo2' atoms/cm3 - -Th i s  i s  t h e  r eg ion  where t h e  b ina ry  
c o l l i s i o n  o r  impact theory  of o rd ina ry  p r e s s u r e  broadening 
theory i s  v a l i d  (v/R >> ~ e ?  ) I n  our  quantum mechanical model, QM 
it would correspond t o  zero  overlap of t h e  p e r t u r b e r  p o t e n t i a l s .  
I n  performing t h e  ca lcu la t ion ,  t h e  a c t i v e  atom would now be a b l e  
t o  undergo subsequent c o l l i s i o n s  a t  va r ious  p e r t u r b e r  s i t e s ;  
i . e . ,  t h e  waves s c a t t e r e d  a t  one s i t e  w i l l  r each  another  one 
before  t h e  atom has decayed. Actual ly ,  i n  f u t u r e  work, it w i l l  
prove convenient t o  develop t h e  pseudoc lass i ca l  model t o  t r e a t  
20 t h i s  reg ion .  ( c )  q >> 3 x 10 atoms/cm3 -- This  i s  t h e  r eg ion  
where t h e  s t a t i s t i c a l  theory  of pressure  broadening i s  supposed 
t o  be v a l i d .  I n  our model, it corresponds t o  overlap of t h e  
potent ia l -s  o f  var ious  pe r tu rbe r s  and will. l ead  t o  very d i f f icu1 . t  
I n  t h i s  paper, we have worked t o  f i r s t  o r d e r  only i n  t h e  
l a s e r  f i e l d ,  but s h a l l  g ive  t h e  r e s u l t s  f o r  t h e  t h i r d  o r d e r  
c a l c u l a t i o n  i n  a f u t u r e  pub l i ca t ion .  A s  one goes t o  h igher  o r d e r  
I 
i n  t h e  f i e l d  o r  i n  t h e  c o l l i s i o n  i n t e r a c t i o n ,  t h e  ca lcula t j -on  
becomes i n c r e a s i n g l y  complex, but it i s  hoped t h a t  t h e  
diagrammatic techniques given here  o r  t h e  pseudoc lass i ca l  model 
which w i l l  be der ived from them w i l l  enable  one t o  t r e a t  c o l -  
l i s i o n  terms more e a s i l y .  
The f i n a l  b a s i c  approximation i n  t h e  model i s  t h a t  of  
s t a t i o n a r y  p e r t u r b e r  atoms. It i s  p o s s i b l e  t o  extend t h e  quantum 
mechanical c a l c u l a t i o n  t o  cover t h e  case  of moving per$urbers .  
Since t h e  e m i t t e r ' s  speed need no longer  remain cons tan t  i n  
e l a s t i c  c o l l i s i o n s  wi th  moving pe r tu rbe r s ,  one must r e p l a c e  
3 3 Stanv w(GIv 1-0 ) y ( k x 0 )  by J"d v ~ ( ~ I _ v ~ ) y ( ~ , y ~ )  where w(_vIyo)d v  i s  
t h e  r a t e  a t  which Doppler modifying c o l l i s i o n s  change t h e  
e m i t t e r ' s  v e l o c i t y  t o  ,.- v ( y  i s  some a r b i t r a r y  func t ion) .  
I m p l i c i t l y  contained i n  ~ ( v l v  ) i s  an average over a l l  types  
- -0 
of  emi t t e r -pe r tu rbe r  c o l l i s i o n s  g iv ing  r i s e  t o  t h e  change i n  
- 
e m i t t e r  v e l o c i t y  _vo - v. 
- 
Simi lar ly ,  r ( v  ) w i l l  be replaced 
- 
w 0 
by Tw(v ) which i s  an average of TQM(vr) over a l l  p e r t u r b e r  
0 
v e l o c i t i e s  (v, i s  t h e  r e l a t i v e  emi t t e r -pe r tu rbe r  speed).  The 
above r e s u l t s  may be incorporated i n t o  ms. (67) ,  (68 ) ,  (75) ,  
p r o f i l e  f o r  b - s c a t t e r i n g  only (Eq. (8gb))  i s  not  a t r u e  
Voigt p r o f i l e  (convolut ion of Gaussian and Lorentzian p r o f i l e s )  
-b f o r  a Gaussian W(vo). However, i f  y Q M ( ~ o )  i s  a slowly varying 
. 
func t ion  of vo wi th  r e spec t  t o  U(vo) t h e  ga in  p r o f i l e  w i l l  very 
n e a r l y  be Voigt i n  na ture .  25 I n  addi t ion ,  t h e  a - s c a t t e r i n g  only 
r e s u l t  (Eq. (89a) ) ,  al though d i f f e r e n t  i n  form, w i l l  probably 
no t  d i f f e r  d r a s t i c a l l y  from a  Voigt p r o f i l e .  This m8y eseplain 
why Voigt p r o f i l e s  have been success fu l  i n  d e s c r i b i n g  l i n e  
shapes, a l though s l i g h t  dev ia t ions  would be d i f f i c u l t  t o  d e t e c t  
experimentally.  26 Perhaps t h e  bes t  t e s t  of  t h e  theory  w i l l  be  
afforded by l a s e r  experiments, but  we d e f e r  a d i scuss ion  of  
t h e s e  experiments u n t i l  we p resen t  t h e  t h i r d  o r d e r  theory.  
In  s p i t e  of  a l l  our  approximations, w e  f e e l  t h a t  we 
have conclus ive ly  demonstrated t h e  need f o r  a quantum mechanical 
d e s c r i p t i o n  of atomic c e n t e r  of  mass motion i n  many atomic 
r a d i a t i o n  problems. Only i n  l i m i t e d  cases  can one expect 
a c l a s s i c a l  d e s c r i p t i o n  t o  s u f f i c e .  
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